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The dynamics of molecular motors which occasionally detach from a heterogeneous track like DNA or RNA
is considered. Motivated by recent single-molecule experiments, we study a simple model for a motor moving
along a disordered track using chemical energy while an external force opposes its motion. The motors also
have finite processivity, i.e., they can leave the track with a position-dependent rate. We show that the response
of the system to disorder in the hopping-off rate depends on the value of the external force. For most values of
the external force, strong disorder causes the motors which survive for long times on the track to be localized
at preferred positions. However, near the stall force, localization occuenformount of disorder. To obtain
these results, we study the complex eigenvalue spectrum of the time evolution operator. Existence of localized
states near the top of the band implies a stretched exponential contribution to the decay of the survival
probability. A similar spectral analysis also provides a very efficient method for studying the dynamics of
motors with infinite processivity.
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[. INTRODUCTION applying an external force strong enough to place the system
near the stall point of the motor.

Single-molecule experiments which study molecular mo- The theories described above do not treat the effect on the
tors provide a powerful tool for understanding their functiondynamics of a(position-dependentdetachment probability
[1] By app|y|ng a mechanica| force, onhe can Often discerrpf mOtQFS from the track. We will refer: to models Wl:ler.e .nO
details of their reaction steps. For example, a recent papaPinding of the motor from the track is allowed as “infinite
considered the motion of a kinesin moving along a microtuProcessivity” models. In this paper, we study theoretically
bule under the influence of a force opposing its mofizh the effect of a fln_lte processivity on the behavior of molecu-
By measuring the relationship between the applied fofce, lar motors. Previous work has considered the effect of de-

and the velocity of the kinesin,, at different ATP concen- tachment mainly on the dynamics of many molecular motors

trations, it was possible to infer that the chemical reactiorP " with homogeneous trackd3-18. We consider a motor

. e i ich it is moving but can
cycle contains at least one load-dependent transition. which can leave the polymer on which itis 9

never rebind to it. This case is relevant to single-molecule

More recently, it has been possible to study, using similal, e riments which follow a specific motor or a dilute con-

techniques, the motion of RNA polymera8®NAD) [3,4],  centration of motors on a long DNA track. In such experi-
DNA polymerase (DNAp) [S], helicases [6], and  ments (especially if a background hydrodynamic flow
A-exonucleasg7,34]. In contrast to kinesin and myosin, \ashes away detached motorthe probability of rebinding
which move along homogeneous polymer filaments, thesg, the track after detachment is negligible.

motors move along DNA, which is inherently a heteroge- \We show that when molecular motors are moving along a
neous track, with the energy landscape determined by thRomogeneousor periodid filament, the long-time dynamics
nucleotide sequend®]. Indeed, the dynamics of these mo- of those motors that remain attached is unaltered by detach-
tors seems far richer than that of kine$# or, say, myosin ment events. However, for motors moving along a heteroge-
V [9], which move along periodic filaments. Theoretically, it neous track, this is not the case. For proteins such as RNAp
is expected that heterogeneous and homogenémuperi-  and DNAp that walk along DNA, the detachment rate de-
odic) tracks can give rise to very different motor dynamics.pends on the monomer on which the motor is located. The
On long time and large length scales, the motion of motorslisorder in the detachment rates is thus correlated with the
moving along a homogeneous track is described well by alisorder in the hopping rates as both are determined by the
random walker moving along a tilted potential. In contrast,same DNA sequence. When the detachment rate varies from
the motion of molecular motors which use chemical energynmonomer to monomer, the motors’ dynamics can be influ-
to move along disordered filaments is described by a randorenced by spatially localized eigenfunctions of the evolution
walker moving on arandom forcing energy landscape operator. For the regime where the displacement of the motor
[10,11). The effective energy difference between two pointsis linear as a function of time, strong disorder causes the last
separated byn nucleotides scales agn. The large energy motors which remain attached to the track to stall out before
barriers implied by such landscapes lead to anomalous dyalling off. Moreover, when the displacement of the motor as
namics[12] when the overall tilt of the energy landscape is a function of time is sublineagny amount of disorder in the
small; the displacement of the motor grows as a sublineahopping-off rates causes the last motors which remain at-
power of time. For molecular motors, this corresponds taached to the track to halt before falling off. A schematic
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stall FIG. 2. Setup modeled. The motor is moving from the — end to

. . ) ) . the + end, driven by hydrolysis of nucleotide tri-phosphate. A force
FIG. 1. Schematic behavior of the influence of disorder in thejg 1ling on the motor in the opposite direction. The track shown is
rates for leaving the track on the dynamics of the motarsepre-

made up of two types of monomefdepicted as shaded and white

sents the strength of the disorder, measured through the variance g, a4 Although this schematic suggests a microtubule with disor-
the hopping-off rates divided by the square of their mean. Note thafie; iy the protein constituents, we actually have in mind motors

whenA=0, the motors are always delocalized excefafi This 115ing on DNA or RNA templates, with four distinct nucleotides.

is emphasized by the shading. It should be stressed that the NotioR§,e corresponding experimental setup for RNAp is showidih
‘localized” and “delocalized” here refer to motors which remain on 504 goes not change the treatment. Moreover, elaborations which
the track for long times. make our model more realistic at a microscopic level should not

representation of the resulting “phase diagram” for the dy_affect the predictions for long-time, large length-scale dynamics.

namics is shown in Fig. 1.

To show these results, we use methods developed imodels of molecular motorg10,21-24, but is simple
[19,20 in the context of the physics of vortices, and numeri-enough so that exact solutions can be found, in the limit of
cally study the eigenvalue spectrum of the non-Hermitianinfinite processivity, with and without disorder. The model is
evolution operator for the probability distribution of the mo- defined on a discrete lattice=0, 1, 2 ..., with distincta
tor. As will be shown, the characteristics of this operator's(evern and b (odd) sites and a distanca, between lattice
spectrum(which include localized and delocalized states aspoints. A monomer of the tradla nucleotide, sayis taken to
well as a mobility edgeallow the long-time, large length-  pe of size 2, The arrangement is shown schematically in
scale dynamics to be obtained in a straightforward mannegigs. 2 and 3. To model the two internal states of the model,
Interestingly, thedynamics of motors on heterogeneous \a take even sites to have an energy0 while odd sites

tracks with finite processivity is similar to the non-Hermitian have an energy=Ae. The transition rates depicted in Fig. 3
statistical mechanicsrising in models of vortex physics take the form ' '

[19,20.

To support these results further, we also study analytically w, = (ePHT 4 ) delT=112T
a toy model which consists of a directed walker among traps
with a broad distribution of release times. The model was f/2T

studied for the case of infinite processivity[it2]. We show Wy =(a+w)e

that in the infinite processivity case, the model yields the

same spectrum as observed in the numerics. Moreover, we W, = (a' T + o )graelTHizT,
show that for a motor with finite processivity, when the cor-
responding infinite processivity model shows sublinear drift, wy = (a’ + w)e T, (1)

any amount of disorder in the hopping-off rates leads to lo-

calization of the eigenfunction, consistent with our numericalwhere we have set the Boltzmann constant tdgrel. Note

results. that there are two parallel channels for the transitions. The
The paper is organized as follows. In Sec. I, the modefirst, represented by contributions containia@nd «’, arise

we study is introduced and known results for the infinitefrom utilization of the chemical energgu. The chemical

processivity limit are reviewed. In Sec. lll, the infinite pro- energy difference could be, for example, a result of an excess

cessivity model is analyzed using the eigenvalue spectrum &foncentration of NTP'$or just ATP) with respect to its ther-

the evolution operator. It is shown that the long time, largemal equilibrium value. The second channel, represented by
length-scale behavior of the model can be extracted from the

properties of the spectrum. In Sec. IV, we study the spectral
properties of an evolution operator that takes account of de-

€
tachment of motors from the track and their physical impli- YA ® X VE © ()]
cations. Specifically, the implications for measurements of %4. Wx IA&
X b b X
0 1 2

the probability of finding a motor on the track as a function @
of time are discussed. Finally, in Sec. V, the analysis of the 3 4 5 N
toy model is presented. 2>

Il. THE MODEL

FIG. 3. Graphical representation of the model for molecular
The model we consider was introduced and studied in thenotors. The distinct even and odd sites are denotea layd b,
limit of infinite processivity in[11]. It is inspired by previous respectively.
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V A homo For motors moving on heterogeneous filaments, the situ-
geneous . . .
—— heterogeneous ation is very different. Here the set of parametdfs
={a,a',0w,0’",Ae} is drawn from a random distribution.
Each set of parameters describes the dynamics on a given
type of monomer. Using the results presented above, it is
easy to see using Ed2) that the total effective energy
change aftem monomers is given by

I 11 1 I III
- fo f

A\ 4

m
_ E(m) = > AE(). (3)
FIG. 4. Schematic behavior of the velocity for a heterogeneous =1

linear motor track as a function of the applied force. It is assumeq_| E ds t ind dent set of val
that chemical force¢from the NTP hydrolysislead to a positive ere, eac (m) corresponds to an independent set of val-

velocity in the absence of a force. The anomalous dynamics arisd4€S Of{p} drawn randomly for thenth monomer. Assuming
in the vicinity of a stall force defined by Eq10). The different ~thatAE(m) is drawn from a random distribution with a finite
dynamical regimes defined in the text are denoted in the figure. Th¥ariance, the effective energy landscape correspond$ito a
striped line on the axis denotes the region where anomalous dif-ased random walkSuch energy landscapes are typically re-
fusion is present. ferred to as random forcing energy landscapes.

The above scenario applies as long as the chemical poten-
the terms containing and «’, correspond to thermal tran- tial differenceAn# 0. In the case wheAn=0, it is easy to
sitions unassisted by chemical energy. In addition, the exte$€€ thaE(m)=0 unless we allow for the energy at even sites
nally applied forceF, with f=Fa,, biases the motion. To &ls0 to vary and take the valugm) [25]. In this case, we
model finite processivity, we add rate€,; andw?; corre-  obtain
sponding to the detachment from the track at even and odd E(m) = 2fm+ &(m), ()
sites, respectively.

Before turning to the study of finite processivity, we re- corresponding to aandom energyandscape provided(m)
view some of the results which are known for the infinite has only short-range correlations.
processivity limit[11]. We show later that these results may  The dynamical behaviors of random walkers in random
be reproduced by studying the spectral properties of the evdercing or random energy landscapes have been studied in
lution operator of the probability distribution. It is the spec- detail [12,26. Using the results of Derrid826], one can
tral method that will allow us to determine the dynamicscalculate the transition points between the different regimes
most readily when the processivity is finite. In the homoge-including the effect of randomness for our mofiel]. Upon
neous caséx, o', w, andw’ independent of positignwhen  denoting averages over the disorder rates by an overbar, one
no disorder is present the model is described on long timefinds the following regimes as one changes the force acting
and large length scales by a random walker moving along an the motor. We comment that k0] it was suggested that
potential with an overall tilt between two even sites which issimilar regimes can be observed by increasing the density of

given by defects which cause the motors to reverse their bias along the
track.
AEZT] (wgwg) | ((a +w)(a' e+ w')) of Regime | Ordinary biased diffusion occurs when
= n =
Wy W, (ae*T+ w)(a' + o) T Twew\2
Wa Wy
2 f<- Z'”(ﬁ) (5
Wy Wy f=0

We refer to such an energy landscape as an effective energy
landscape. It is an alternative description of the dynamics

associated with the rates of E@), which in general will not . Iln(wa W, )2
Wa Wy /g

(6)

satisfy detailed balance since they describe nonequilibrium 4
processes. Note that whdr0 and the chemical potential

differenceA=0, one has\E=0 and no net motion is gen- Where the subscript=0 denotes that has been set to zero
erated. Also, when there is directional symmetry in the tranwhen evaluating the average. In this regirh¢=vt and
sition ratesa=a’, w=w’ (reflecting directional symmetry in (x?)—(x)?>=2Dt for long times, where the angular brackets
the DNA track, and f=0, one hasAE=0 even whemAx  denote an average over different thermal histories of a parti-
#0. Absent this symmetry, chemical energy can be coneule starting from a particular point. Another way of stating
verted to motion and an effective tilted potential is generatedthis result is that for large times, the calculated velocity and
Similar conditions for biased motion have been shown tadiffusion constant, defined by the above relations, do not
exist for continuum modelg23,24. The effect of the exter- depend on the size of the time windoty, over which they
nally applied force is simply to change the overall tilt in the are evaluated. This resultnly holds for biases satisfying
potential. Thus, for motors moving along a homogengous Egs.(5) and(6).

periodig polymer, one expects the velocity to change con- Regime Il The calculated diffusion constant now depends
tinuously asf is changedsee Fig. 4. on the size of the time window,,, over which it is evalu-
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ated. The velocity does not. Namely, in this region=uvt
and (x®)—(x)>~t?* where 1< u(f)<2. In the infinitety, 06
limit, the diffusion constant, DEIithx[<x(tW)2>
—(x(tw))?]/ty, diverges. This anomaly occurs in the ranges o4

T [wiwg \? T [(wywg »
- —In(—i i) <f< ——In(—i i) (7) 0.2
4 a W f=0 2 aWo /g I
> 00
and
T (wowy T (wywg)? 02
—In(i—f’_) <f< —In(f‘_—f’_) . ®
VAN A/ Wa W f=0 04
Regime 1ll Hereboththe velocity and the diffusion con-
stant are functions of the size of the time winddbyy and -0-600
(X) ~t* and(x®) —(x)>~ t?*, whereu(f) < 1. In the infinitet,, ' ' T oyT
limit, the velocity uEIimtvvw[<x(t\,\,)—x(O))]/tW vanishes. _ _ _
The diffusion constantp= Iimtw—>w[<x(tw)2>_<X(tw)>2]/tWa FIG. 5. The velocity as a function d¢f T for different values of

either vanishes or diverges depending on whetherl /2 or _tW. HereA,u_/T=3 arld parameters were ch_osen with equal probabil-
wu>1/2. This behavior occurs when ity to be either{p}={5,1,0.3,1,0 or {p}={4,0.1,0.7,1,D (see
text for notation. The calculated regime of anomalous velocity is

T [wows T (wowe 0.5116<f/T<0.699. Data incorporate 100 rurigus averaging
- —In(a—b) sf=<—| (a—b) . (9) over thermal fluctuationgfor a single realization of the disorder.
2 \Wa' W'/ g 2 \Wa Wy /g

Sinai diffusion Exactly at the stall force,(x)=0 and  Show that the dynamics with infinite processivity may also
(@) ~[In(t/ N]*, wherer is the microscopic time needed to be deduced by an alternative approach: the spectral proper-

move across one monomer. The “stall force” correspondin%isIgiiégioegggﬁf:tggelg?]to_rﬂﬂghg rpré)?eﬁnblltlaxfsii\?:lt):oafr-
to a disordered track is defined by P g-time, large leng prop

ties of the model. The important features of the eigenvalues
T (wowe and eigenfunctions which characterize the long-time dynam-
fs= —In(i—i) . (10 ics are expected to be insensitive to details of the model. The
2 \Wa Wy /g method has previously been applied in the study of the phys-

The resulting behavior as the force is varied is summas> of vortex lines in superconductd9,20 and population

. S A ; L o dynamics[27,28. Earlier studies considered the spectral
rized qualitatively in Fig. 4 in the limit of an infinite averag- : i

. . . . . properties of a random walker on a random forcing energy
ing time windowty,. Most notable is the region of forces

(region Ill) over which the displacement of the motor is Sub_landscape after ‘gauging away" the external bias, making the

linear and the usual long-time velocity vanishes. Experi-evomtlon operator Hermitiari12]. However, as we wil

T >~ 'show, a more direct approach reveals important features
ments are perf(_)rmed.wnh finitgy. The mea;ured velocity (such as complex eigenvalue spegtwehich are not easily
then behaves in region Il at{;,‘l, smoothing the curve

shown in Fig. 4, and naturally giving rise tocanvexshape observed in the approach ¢12]. Although here the ap-

- ; - proach is used to reproduce known results, it might prove
ic: E:S v5e Img;goﬁ %Jg\éi'l Ivha'; (S:?I‘:\lj?;[g)(/j 'Zn%emgn\fgliiguseful in the study of more complicated models with an in-

measured using different averaging time windoigs(see finite processivity where an analytic solution is not possible.
Appendix A for details. As is evident in this figure, the In addition, the spectral approach to the infinite processivity

: . model will ver ful nchmark once w r
largertyy, the closer is the velocity-force curve to that shown ode be very useful as a benchmark once we address

in Fig. 4. In Fig. 6, typical trajectories of the motor on the the question of finite processivity.

track are shown for different values ofT for a single real In what follows, we will often consider a coarse-grained
9 effective dynamics in which each new lattice site represents

ization of the disorder. _Plateaus and JuUmps appear as one, i o, containing on@ and oneb site, of the original
moves closer to the region of anomalous displacement, an@

o Y . lattice [Eq. (1) and Fig. 3. The lattice spacing in this new
the dynamics is con.trolled.by dee.p. minima in the effective oarse-grained model @=2a,. Below we first review the
energy landscape with rapid transitions between them. Suc

e . . pectrum(and the associate dynamiasf the trivial homo-
motion is typical of random forcing energy landscapig). geneous model before turning to the disordered one.

IIl. INFINITE PROCESSIVITY: A SPECTRAL A. Homogeneous model

ANALYSIS APPROACH . .
As discussed above, the homogeneous problem is well

The behavior of the infinite processivity limit, as summa- described on long time scales and large length scales by a
rized above, is rather well understood. In this section, waandom walker moving along a tilted potential. To see this
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500 FIG. 6. Typical motor trajecto-
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2.0 2 Onct0” 4.010° 800" &.0c10° 1.0x10° 0.0 20010° 4.010° B.0x10° 8.010° 1.0010° eters as Flg 5 The Values tYfT
t t are indicated in the figure. Note
1600 r that the plateaus and jumps be-
m_(c) fT=0.35 mo-( )flT=O.4 come more pronounced &sin-
0l creases toward the stall fordg
=0.56.
1600 |- 1000 |-
x X ol
1000 |-
800 |-
500 | 400
200 |-
%-0 z.o;clo‘ 4.0ulr|o‘ G.O;(IO‘ a.o;do‘ 1.0x10° 0.0 z.o;do‘ 4.0;(10‘ s.mlrlo‘ l.o;do‘ 1.0010°
t t
from the model's spectrum, we first solve for the probability A(K) = = DK? - ivk, (14

of being in odd sites and substitute the solution in the equa- . e . .
tion for the probability of being in even sites. The resulting corresponding to diffusion with drift. The dependence of the

coarse-grained equatiddl], in the long-time limit, for the real part of the spectrum dadescribes diffusion, while the

probability, P(x, 1), of being at sitex at timet is given by dependenc_e of th.e i.magi'n.ary.parF descripes drift with a con-
stant velocity. This identification is possible when periodic
(W + W0 )P D) = Wy Wy P(X— 2,8) + Wo Wi P(x+ 2,0) gsggﬂﬁr{hgﬁiﬁi?lggiﬂf)w a current to flow in the system
= (W wy, +wy Wy )P(X,1). (11
B. Heterogeneous model
In the continuum limit, which describes the long-time, large

. For the heterogeneous model the situation is more subtle,
length-scale behavior of the model, we have g

because the Fourier transform cannot be used to diagonalize
) the evolution operator. Nevertheless, we will show that a
GP(xt) = DgP(x,t) —vikP(x,1), (120 numerical analysis of the eigenvalue spectrum can be used to
deduce the dynamical properties of the model. The role of
with D=a*(w, W, +wy, W, )/2(w, +w,) and v=a(w,' ;" the wave numbers in the homogeneous model is taken by
—Wp W, )/ (W, +W, ). Here, as noted above=2a, is a lat-  winding number$29].
tice constant analogous to a unit cell size in conventional The winding number, defined only for complex eigen-
solid-state physics. We consider a system of sizdNaand  functions, is given by the number of times the eigenfunction
perform a Laplace transform in time and a Fourier transforngpirals around the origin in the complex plane as it traverses
in space so that the whole lattice with periodic boundary conditions. For ho-
mogeneous systems and eigenfunctions which behave like
P(x,t) = > g(k) g it (13) € we havek,=2mn/Na, implying a winding numben.
k For disordered systems, it can be shd&f] that the wind-
ing number increases linearly with tlegenvalue index n
The coefficientg(k) will depend on the initial conditions. If which orders the eigenfunctions from the lowest value of
periodic boundary conditions are imposed on a lattice of sizé\(n)| to the highest. That is, the winding number associated
L, the wave vectork specifying the(delocalized eigenfunc- ~ with an eigenvalue of magnituda(n)| is +n. Moreover, if
tions ¥ (x) ~ € are quantizedk,=27n/L, n=0,%1, ... . the eigenvalue\(n) is in the upper part of the complex
In general, since the evolution operator is non-Hermitianplane, its winding number is. Its complex-conjugate pair
eigenvalues may be complex. The complex eigenvalues muat* (n) will then have a winding numbern- For real eigen-
come in complex-conjugate pairs to ensure a real probabilityalues, the eigenfunctions can be chosen to be real and the
density P(x,t) [20]. The eigenvalue spectrum is given by  winding number is not defined. In this case, the eigenfunc-
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FIG. 7. The eigenvalues obtained for0. Here the system size FIG. 8. The imaginary part of the eigenvalue,[Ntn)], for f
is N=4500. Shown are the 140 eigenvalues with the lowest value of 0 as a function ofi. Here the system size [8=4500. Shown are
[\|. In the region near the origin, we expect that (Wn  the 140 eigenvalues with the lowest value|xjf
o +/|Re(N)].

tails of the model used to describe the motion of the motor.

tions can be classified by the number of zeros, as in one-l—-he spectrum has two branches in the compleylane.

dimensional quantum mechania0]. Also, it has no purely real partsvith the exception ok =0).

The eigenvalue spectrum of the heterogeneous model For usual diffusion with uniform drift in a homogeneous

. L2 ) .
with periodic boundary conditions can be used to encapsus-yStem’ as discussed abokgy)=—Dk"~ivk. The imaginary

late the long-time dynamical properties of the model. Spepf'irt 9f the spectrum cor_respo_nds to drift, the real part to
cifically, the dependence of the real and imaginary parts Ofilffusmn. A S|m|cljar| ?ehkawoL mlgkh.t bel ex%ecteﬁ n _omgr. het-
the eigenvalues on theinding numbesignals the properties erogeneous model for(k), wherek is related to the winding

of the mean-square displacement and drift of the motor molfumber ak=k,=27mm/Na. This can be seen in a plot of the
ecule within our model. real and imaginary parts of the spectrum as a function of the

To this end we consider the model of Sec. Il with. as€i9envalue index as defined above. Since in this regime the

before, two types of monomers drawn at random. The set dfynamics is biased diffusion, we expect[fn)]=n, while

parameters representing each type of mononig} RED‘(”)]“”Z; ] )
={a,a',w,0',Ae} is chosen with probability 1/2 to be To test this hypothesis, we order the eigenvalues accord-

{p}={ay, e}, w1, 0}, Ae;} and with probability 1/2 to be ing to their magnitude and plot [R(n)] and REA(n)]. Flg-
{Po}={as, ah, y, ), Ae,}. The chemical potential difference Ure 8 shoyvs_lrﬁ\(n)]_for small n. One can see that indeed
Au is assumed to be the same for both types of monomerdhe slope is linear. Figure 9 shows {Ren)] for smalln on
Allowing Ax to depend on the type of monomer does not2 109-1og scale along with a line —Re(n)]=Ar? with A
alter the qualitative long-time behavior of the model. some constant. At smailindeed RE(n)]=n? for more than

We calculated the eigenvalue spectrum of the evolutior decade.
operator numerically by diagonalizing a matrix with a Regime Il Next we turn to look at the region where the
specific realization of the disordésee Appendix B for more diffusion constant depends on the size of the time-averaging
detaily. From the exact solution of the model, we window used to evaluate it, while the velocity does not. For
expect three different regimes. Below, a typical spectrumthe parameters used in the numerics, this occurs for force
from each of the regimes is shown and examinedvindows given by 0.2256f<0.2882 and 0.455§f
in detail. Throughout we setT=1 and use the <0.518. Atypical spectrum of eigenvalues in the complex
parameters {p;}={ay,a},w;,0],Ae.}={6,1,1,6,0 and plane is shown in Fig. 10. Again we concentrate on the small
{Pot={az, &, w0y, ), Ae}={1.2,1,1,1.2,9 (again with |)\.| part of the spectrum and examine[n)] and RéN(n)].
equal probability ande*#T=10. The results are unchanged Figure 11 presents a plot of [m(n)] for smalln. The ex-
for similar sets of parameters. For these values of the paraniected dependence anis linear. A careful analysis of the
eters, the exact locations of the transitions between the diurve shows that Ifa(n)] can be fit well toAn+Bn® for

ferent regimes can be readily calculated using the resultsmalln (here we have used the fact that kfn)] is expected
summarized in Sec. Il. to be an odd function ofi). The coefficientB decreases as

Regime | For f <0.2256 and >0.518, the motion is bi- the size of the system studied is increased. Such a correction
ased diffusion. A typical spectrum of eigenvalues in the comis expected if the time to reach the asymptotic behagipr
plex plane(for f=0) is shown in Fig. 7. We show only the ~utis so large that it is comparable to the relaxation time of
eigenvalues with the smallept|, because those with larger the system. For larger systems, the correction will become
values are nonuniversal and are highly dependent on the déess important and the asymptotic behavior will be observed
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FIG. 11. The imaginary part of the eigenvalue fer0.25 as a

FIG. 9. The real part of the eigenvalue, «Rg for f=0 as a  function of the winding numben. Here the system size il
function of the winding numben. Here the system size ibl =4500. Shown are the 140 eigenvalues with the lowest vallig .of
=4500. Shown are the 140 eigenvalues with the lowest vallg.of

The solid line is the functiosr? with A a constant. log plot in Fig. 14. Here the displacement of the particle is

expected to behave @8 with w<<1. This leads to an ex-
pected dependence [li(n)] = n'#. A reference lineAn with
A a constant is plotted for comparison. Clearly,[ )]
behaves as expected.

Figure 15 shows —R&(n)] for smalln on a log-log scale
along with a lineAn? with A some constant. As can be seen
at smalln, indeed RE\(n)] does not behave a¥. Here a
similar argument as before leads one to expect[xRe]

more easily. Figure 12 shows —[Ré&n)] for smalln on a
log-log scale along with the line&n and Br? with A andB
some constants. At smatl, Rg\(n)] indeed does not be-
have asn®. It shows a smaller slope in accordance with a
behavior consistent* with 1<u<2. In fact, from naive
dimensional considerationd. behaves as 1/while x~n)
this is the behavior expected whéxt)—(x)%~ t2/x,

Regimg I!I Finally, we turn to look at the regionlwh(.ere «n* for smalln, consistent with the numerics.
the yelocny is effectively zero ag,— and thg diffusion is . We comment that the analysis is only possible not too far
again anomalous. For the parameters used in our numer|0ﬁl

. : ; om the transition point into regime Ill. Deep inside the
analysis, this regime occurs for 0.2882<0.518. A spec- region with anomalous velocity, the small| spectrum be-
trum of eigenvalues in the complex plane is shown in Fig

13. Again we concentrate on the smil| part of the spec- ‘comes very noisy due to finite-size effects. Analysis of the
- A9 ) P P spectrum then becomes difficult due to these strong sample-
trum. To get a clear picture, one needs to plot botfi\iim) ]

and R¢N(n)]. The positive part If\(n)] is plotted on a log- o’

0.04

0.03r

0.02f

0.01r

o

—Re [A(n)]

Im[A(n})]

-0.01f

-0.02f

-0.03f

-0.04

-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 n
Re[M{n)]
FIG. 12. The real part of the eigenvalue, Rg for f=0.25 as
FIG. 10. The eigenvalues obtained fior0.25 Here the system a function ofn. Here the system size i¢é=4500. Shown are the 140
size isN=4500. Shown are the 140 eigenvalues with the lowesteigenvalues with the lowest value [ff. The functionAn and Br?
value of |\|. Near the origin we expect that () +|Re(\)[*#,  with A andB constants are plotted for reference. From a fit to the
with 1< u<2. slope of our numerical data, we find=1.915+0.004.
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FIG. 15. The real part of the eigenvalue, Rk for f=0.31 as
FIG. 13. The eigenvalue spectrum obtained f&10.31, where 5 function ofn. Here the system size N=4500. Shown are the 40
both diffusion and drift are anomalous. Here the system si2¢ is eigenvalues with the lowest value [ofl. A fit to Re(\) «<n¥/%, over
=4500. Shown are the 40 eigenvalues with the lowest valuk|of  on1y one decade, gives=0.6+0.1. The functiomin with A a con-
Near the origin, we expect If) = £ [Re(\)]. stant is plotted for reference.

to-sample fluctuations. Hence we have not attempted an ) _ _
analysis in the Sinai diffusion regime, where the energy land- HPXY = DEPXY ~0 AP0 ~WorP(x D). (15)
scape is nearly horizontal. In terms of the microscopic model as before one has
D=a%(wp W, +wy Wy ) /2wy +wy)  and  v=a(w,'wy
IV. FINITE PROCESSIVITY -wp W)/ (Wy +wp ). In - addition, here wog=[Wig(w,’
+W5) Wi (Wp + Wi ) 1/ (W +Ww).
. . Again, we consider the model with periodic bounda
AS discussed .above, the homogeneous model is well deC'ondgitions and perform a Laplace transi%rm in time andrya
scribed on long t|_me scales ar_1d large Ien.gth scales b_y a o yrier transform in space. The eigenvalue spectrum is given
dom walker moving along a tilted potential. The unbinding by \(K) = -Dk2—ivk—wg. Whenw,=0, the motion is diffu-
of motors from the track adds a nonconserving term to theq "\ i qrift Howevoer Wherwo >0,the probability den-
e_quation for the probability density. In a continuum descrip-Sity decays e>.<ponentiallyy to thgﬁempty track state t)=0
tion, one now has with a typical time scale M. Note, however, that the
eigenfunctions are identical to the infinite processivity case.
In fact, the probability density of the motor can be written as

A. Homogeneous model

o0
107 R P(x 1) = e Vort
50 (x,t) =e™Mo Pwoﬁzo(x,t). (16)
[e]
o]
0 ° Up to a rescaling of the probability density, the time evolu-
. © tion is unaltered. That is, the motors which remain on the
= . track areunaffectedoy a constant hopping-off rate.
=
E 107 ¢ : B. Heterogeneous model

If the hopping-off rates are uniform along the track, but
the remaining parameters are chosen randowfly,andwg
are the same for all types of monomers, and it is straightfor-
ward to see that the effect is the same as for a homogeneous
) system: the dynamics of the motors which remain on the
10 10 1(‘)W - track are unaffected by the nonconservation.
. We now show that, when randomness in the rates for hop-
ping off the track is introduced into the system, the dynamics
FIG. 14. The imaginary part of the eigenvalue fer0.31 as a  Of the motors which remain on the track can be altered in a
function of the winding numben. Here the system size isl  dramatic way. The eigenfunctions of the evolution operator
=4500. Shown are the 40 eigenvalues with the lowest valyg|of —are affected by the heterogeneous hopping-off rates as well
A fit to Im(\) = —|n|"#, over only one decade, gives=0.6+0.1.  as by the sequence heterogeneity as it affects the local diffu-
The functionAn with A a constant is plotted for reference. sion constant and drift velocity. As we shall see, disorder in
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the hopping-off rates has a profound effect on the behavior 45|
of motors which remain on the track. We stress that, with
applications to molecular motors in mind, the disorder in the
detachment rates we consider derrelated with the local
hopping rates.

As for the conserving heterogeneous model with its ran-
dom force landscape, we study the dynamics by considerin¢g
the spectral properties of the evolution operator of the model.‘é
The effect of detachment is included by setting the ratds  ~
andwgﬁ, corresponding to leaving the track at even and odd 09051
sites, respectively, to be nonzero and site-dependent. We fin
two types of behavior which depend on the drift properties of ~ -0.1}
the motor for the corresponding conserving model. When the
drift is linear in time, the last motors to be left on the track  -o0.15(,
localize only beyond a critical disorder strength in the 008 —007 —006 —005 —004 —003 —002 —001 0
hopping-off rates. Similar behavior arises in the physics of Re [MN)]
vortices[19,20 and in population dynamid®8]. The behav-
ior when the displacement of the motor for the conserving FIG. 16. The eigenvalue spectrum fior0 andu > 2 with rates
model is sublineari.e., when it is not possible to define for hopping off the track as specified in the text. Except for the
a drift velocity) is different. Now, the last motors to remain largest eigenvalue, all eigenvalues have an imaginary part. All
on the track arealways localized for any strength of the eigenfunctions, moreover, describe extended states with a well-
disorder. defined winding number. Shown are the 140 eigenvalues with the

We comment that while in the numerics, simple argu-lowest value ofx| and the system size N=4500.
ments and toy model simplified assumptions are made on the
rates for leaving the track, our results are valid for generahre due to the same underlying heterogeneous polynucleotide
values of the rates. Below, we consider first the regime whersequence.
the displacement of the motor is ballistic in the conserving The transition between moving and localized motors can
model both by studying the spectrum of its evolution operabe understood, in the case of ballistic displacement, by
tor and by using simple arguments. Then the sublinear disadapting the ideas of Ref31]. We consider a simplified
placement regime is studied. The section ends with a discusnodel for the motors. The energy landscape consists of two
sion of the implications of the results on the dynamics. slopess; ands, (corresponding to two types of monomers
The velocity on a track with a slopsgy(s,) is denoted by
v1(v,). The rate for leaving the track on a region with a slope

First, we consider the regime where the displacement o§, is assumed to b, while the rate for leaving the track on
the motor in the conserving model is linear as a function ofa region with slopes, is 0. Note that as before, the local
time (u>1). We will show that when the disorder in the detachment rates are correlated with the local biases.
rates of leaving the track is strong enough, the eigenvalues
with the smallest\| become purely real. This is a regime of
localized eigenfunctions and corresponds to motors with zerc
drift velocity. This feature is present over the whole region 02t
whereu>1.

To explore this behavior, we have studied the eigenvalue
spectrum of the model numerically for systems of size 4500.
In Fig. 16, results are shown for the case0 (u>2). How- =
ever, the localization effects which are of interest to us here<  of
remain unchanged for all values dfsuch thatu>1. The £
parameters used are the same as used previously in the pag  _,1
augmented byv?;=0.01 andwl,=0.01 (W3;=0.02 andw?y
=0.02 for the parameter sdp;}({p,}). As can be seen, ex-
cept for the lowest\| eigenvalue, all eigenvalues have an
imaginary part. Thus, the motors are biased to move acros:
the lattice in a positive direction. In Fig. 17, we show the —03E
spectrum withw2;=0.01 andw2;=0.01 (w2;=0.08 and
w2;=0.08 for the set{p;}({p,}), which corresponds to a

(0]
larger disorder strength. Here eigenvalues beyond a certain FiG. 17. The eigenvalue spectrum fbe0 with rates for hop-

mobility edge become real, implying that the long-lastingping off the track as specified in the text. As can be seen, the
motors are described by localized staf@6,27. Note that eigenvalues with the lowest value pff become localized. Shown
the disorder in the hopping-off rates is correlated with theare the 300 eigenvalues with the lowest valughofand the system
disorder in the hopping rates themselves, as required if botkize isN=4500.

Weak Disorder

01}

0.05

1. Ballistic displacement

Strong Disorder

=021

-0.6 -0.5 -04 -0.3 -0.2 -0.1 0
Re [A(n)]
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Next, compare two “survival” strategies for the motor in 00 507
the long-time limit. In the first it spreads across the lattice  gqos| °°ooo Weak Disorder
probing regions with slops; ands,. In the other it remains
in regions with slopes, where detachment rates are zero. The 0006 ¢
probability of staying in such regions can be estimated by 0004t
solving for a random walker moving on a tilted potential of o002}
some size with absorbing boundary conditions at both endsz
One finds[31] that this probability behaves as % or
Paaft) ~ €740, an O
-0.004
whereD is the diffusion coefficient on a track with slogg
The probability of survival of a particle moving across the %%
lattice can also be evaluated. One expects -0.008 %
00°
Pmovdt) ~ €, (18) 00008° 007 —006 005 —004 003 —002 001 0

where c is a constant which will depend on the disorder Re[Am]

averaged VelOCity_' For large enough the, particles that FIG. 18. The eigenvalue spectrum fb=0.31 with rates for
choose the localized strategy clearly will have a bettet,nhing off the track as specified in the text. The small band of real
chance of survival. One therefore expects that as the disordgfgenvalues at the top of the spectrum characterizes localized states.

?n the hopping-off rates is increase_d, a transition frpm local-shown are the 140 eigenvalues with the lowest valu@/ofind the
ized states to delocalized states will occur at the high end ofystem size is agaiN=4500.

the spectrum(corresponding to smak and small winding

numbers. Note that the argument would not be altered if the ¢ finging a motor on the track as a function of time. It may

rate for hopping off from negative slope regions were nonj)e possiple to reveal these localized states by looking at the

zero, although the transition point between the two regimegiensity decay as a function of time of a dilute concentration

wou_ld be shifted. . of fluorescently labeled motors placed on a track. The prob-
Finally we comment that this argument could also be usedjjity of finding a motor on the track as a function of time,

for a model with a random energy landscdpee Eq.(4)].  p () could then be monitored by looking at the decay of the
This case is very similar to problems which have been St“dﬂuorescent signal as a function of tinipossibly averaging
ied in the context of the vortex physi€$9,20 and popula- ) or several experiments

tion dynamics[27]. For completeness, Appendix C presents 1,5 imnlication of localized states for the probability

gg;seenvalue spectra, for weak and strong disorder, in thab () has already been considered in the context of random

2. Sublinear displacement 6

A typical spectrum in the regime of sublinear displace- 00Xy, Strong Disorder
ment, u<1, is shown in Fig. 18. Note the small band of 4 %, 1
localized states with real eigenvalues near the top of the
spectrum(small |\|). Again the parameters used are the same %,
as used previously with the falling from the track rave [ %%E%
=0.01 andw2,;=0.01 (W3;=0.02 andw?,=0.02 for the set =
{p1}({p,}). Note that even for these small values of the 55 of Sf.;m»mm o © _
falling-off rates, localized states appear. This effect persists€
even for falling-off rates smaller by more than an order of dmsssj
magnitude and for various values bfn this regime as long &
as large enough systems were studied. For comparison, Fig O&;ﬁf’o
19 shows the spectrum in the case of strong disorder. Hert - & e
W=0.01 andwgy=0.01 (W3=0.06 andw;=0.08 for the Sopue®
parameter sefpi}({p.}). As always in this paper, the two . . ‘ ‘ ‘ . ‘ ‘ .
parameter sets are assumed to occur with equal probability 2009 —008 007 006 -005 004 003 -002 —001 0
As can be seen from the figure, while details of the spectrum Re [A(n)]
are different from the weak disorder case shown in Fig. 18,
they are qualitatively the same.

FIG. 19. The eigenvalue spectrum f6=0.31 with rates for

hopping off the track as specified in the text. The spectrum is quali-

tatively similar to that of Fig. 18 with weak disorder. The band of

real eigenvalues at the top of the spectrum characterizes localized

states and now contains, as expected, more states than Fig. 18.
Next, we discuss the effect of the localized states occurShown are the 140 eigenvalues with the lowest valua |pfand the

ring near the togglow |\|) of the spectrum on the probability system size is agaiN=4500.

3. Implications for the probability of finding a motor
on the track as a function of time
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walkers subject to the influence of random tr4f&]. The  Moreover, we study the finite processivity model in the limit
arguments are unaltered for the case of a random forcingf weak disordeiin the rates for leaving the track. Here the
energy landscape, and here we consider a simple version. rate for leaving the track at sitk, wy, is assumed to be
more detailed proof can be carried out along the lines of Refuncorrelated with the hopping raw,. If one views the di-
[27]. We consider a system where the hopping and detactrected model as a coarse-grained version of the original un-
ment rates can only assume two values. We are interested directed model, then one expects that the hopping Najes
the behavior in the long-time limit. When localized statesare determined by the depth of the traps in the energy land-
exist, the eigenfunctions are strongly peaked in regionscape. In contrast, since the particles spend most of their time
where the probability of detachment from the track is small.near the bottom of the traps, the coarse-grained off rates in
The probability for such a region of lengtito occur behaves the directed model will depend primarily on the local off
ase ™, wherey is a constant. On the other hand, the time torates near the trap bottoms in the original model, suggesting
leave the region behaves a—g%t/4D+th/I2, wherey is a con-  that thewy andW should indeed be uncorrelated. With this

stant of order unity and we have included higher-order corsimplification, we show that similar to the more complex
rections to Eq(17) associated with the finite siZeof the =~ Models discussed earlier in this papemy strengthof disor-
region. Note that we have used the fact that the detachmef€r in the rates for leaving the lattice causes the eigenfunc-
rate is correlated with the local hopping rate so that the betions describing the long-time behavior of the model to be
havior inside the region is diffusive irrespective of the valuelocalized for u<1. In contrast foru>1, weak disorder

of 4. Summing over the contribution from regions of differ- leaves the eigenfunctions delocalized.
ent lengths, one obtains It is convenient to first consider a more general model

with nonzero rates for leaving the track. We derive an equa-
(19)  tion for the eigenvalue spectrum of the model and then ana-

) lyze the spectra separately in the infinite and finite proces-
Here ty depends on the constantsand y, and D is the s%vity Iimits. P y P

diffusion coefficient. As expected, the leading behavior is g time evolution of the model is described by the set of
still exponential. However, a signature of the localized state$, 5ster equations
appears in the correction which has a stretched exponential
form. dP(t)
In contrast, when no localized states exist, the behavior is dt
dominated by the detachment rates. In that case, no diffusive . )
corrections to the detachment rate from a region of ke After_a Laplac_e tra_nsform, the corresponding equations for
present. The stretched exponential correction to the decay &€ eigenfunctions is then
P(t) displayed in Eq(19) WI|| be absgnt. _ 0+ Wq + Wiee ) PeV) = WPy (V). (21)
In summary, in the region of sublinear displacement one
expects a stretched exponential behavior to always be presewhich yields a recursion relation for tg(\) which can be
at long times when the probability of finding a motor on thereadily solved. The possible eigenvaluesare then deter-
track is monitored. In the ballistic displacement regime, themined by imposing periodic boundary conditions, yielding

P(t) ~ e—vgt/4o—(t/to)1’3
s )

= WiPyo1 = Wi 1P = Wi 1 P (20

correction will be present only for strong enough disorder in N D EEE—
the detachment rates. 1=]] W exp{N(lnL)] (22)
1 (VW +w) N+WHw/ |
V. TOY MODEL where the last line holds in the limit when the system $ize

gs taken to infinity and the overline denotes as before average
over disorder. Care must be taken wheis real. In this case,
gbe recursion relation might allow for somet+ W, +w to

€ zero. In that casd(\) can assume any valu® be set
by normalization while P,_;(A\)=0. Such eigenfunction will
be referred to as “localized,” with a detailed justification

broad distribution¥(7) ~ 7 *#) for large . This behavior { :
suggests that the dynamics could be mimicked ljrected given below. Wher\ is complex, we refer to the eigenfunc-
tions as delocalized.

walk between traps with a broad release time distribution. .

Specifically, the model consists of a particle moving unidi- According to Eq.(22), we need to calculate
rectionally on a lattice with hopping ratés, between site VYV
k—1 andk which are drawn from a probability distribution R(\) = (In

which satisfies V(W) ~AW*! as W—0. Although the
equivalence to the original model cannot be justified rigor-Since we are considering the long-time behavior and small
ously (since back stepping is ignorgedhe two models are rates for leaving the track, we consider the limit-w| <1.
known to exhibit the same long-time behavior. It will be useful to holdw fixed for now and average over it

Here we analyze the model from a somewhat differeniater. We denote the function obtained by averaging only
perspective and show that indeed it yields for the infiniteoverWin Eqg.(23) by Q(\,w). We find that it depends on the
processivity limit the types of spectra described in Sec. lll.value of the exponent as follows.

The understanding of the dynamics of random walker
(with infinite processivity on random forcing energy land-
scapes has been enhanced by a simple toy model introduc
by Bouchaucet al.[12]. The model builds on the fact that at
finite tilt, the sojourn timer at any site is found to have a

>\+W+w)' 23
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Case |: u>2. Here one finds to leading order (i +w) only be necessary to consider the cagesl andu<1.

that Case l: u>1. Here we have
1 1\ (A +w)? < 1 > L
=== Jn+w+| = . 24 - [pi(N +W) + poA] = 27ni/N (32
QW) (W)(x w) (Wz) 5 (24) W
Case II: 1< u<2. HereW 2 diverges and one has with n an integer. Clearly, to solve the equatidmust have

- an imaginary part(Note that we are missing the dependence
1 of the real part of the solution on since we neglected
QM w) = - (V_V)()\ +w) +B(A +w)¥, (25 higher-order terms in.) An imaginary part of the eigenvalue
o _ implies that delocalized states exist for small disordewin
whereB=Am/ usin(mu). Here, A is the amplitude of the tail [20].

of the probability distribution®¥ (W)~ AW~2, Case II: p<1. Here one has
Case lll: u<1. Here bothw™ and W2 diverge and one 2mni
has BIPy(A + W)+ 0] = =2 (33
QN W) =B(N + W)~ (26)

Consider first the case=0. In this case, the eigenvalue must
With these results at hand, we now turn to analyze the infibe real[32] and since the decay of particles from the system

nite processivity limit. cannot be faster tha®™, one must have w<\<0.
Clearly, such a solution cannot exist. Thus, the assumption
A. Infinite processivity limit leading to Eq.(33), namely that none of th@,(\) is zero,
In this case, we sew=0 for all sites. To analyze the fails. As we argued earlyP,(\)=0 away from a particular
eigenvalue spectrum, we rewrite E§2) in the form site can only occur whek is real. It is possible to show that
. in this case, the density is peaked near the site wRgie)
R(\) = 2min/N. (27) =0 decaying exponentially fast &sincreases. We conclude
Consider the solution for the different cases. that for any strength of disorder in the hopping-off rates, the
Case I: u>2. Here one has eigenfunctions become localized. The lack of a solution for
- cases withn>0 can be proved by expanding around the
. 1 1 \A2 lowest|\| (rea) eigenvalue and discovering that a solution is
ZW'n/N:-<—>7\+(—z>—- (28 impossible.
W W2/ 2 P
It is straightforward to solve the quadratic equationXand ACKNOWLEDGMENTS
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nUMErICs. , o APPENDIX A: SIMULATIONS
Case lll: w<1. Finally, in this case one has
. In the following, we describe briefly the procedure we
2min/N =B\, (30 used to simulate ?he model E(). To m)r:lke thg simulation
which evidently gives Irt\) «<n** and Ré\) o« n'/~, efficient, we first normalize the rates so that the largest one is
equal to 1. Then at each step we choose with equal probabil-
B. Finite processivity ity between moving the motor to the right or left on the

Next, we turn to the finite processivity case. Here it will lattice. Following this choice, a random number is drawn
be sufficient to consider only the leading-order contributionTom & uniform distribution. The motor is moved in the cho-
to R(\). To simplify, we study the case where can take Sen direction provided the random number is smaller than the
only two valuesw;=w and w,=0, which occur with prob- qorresppndlng rate. This protocoliensures relaxa'glon to' equi-
ability p, and p,. The general case can be analyzed Veryllbrlum in the absence of chemical or mechanics driving

similarly. This assumption gives, after performing the averJorces. Time in the simulations is measured by the number of
age ovemw attempted moves.

R(E) = p;Q(E,w) + p,Q(E,0). (32) APPENDIX B: EVOLUTION OPERATOR

As in the previous subsection, we analyze the behavior of the Here we describe the construction of the evolution opera-
solutions of the equations for and w small. Here it will  tor corresponding to model Eql). First consider the case
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FIG. 20. The eigenvalue spectrum for the random energy model FIG. 21. The eigenvalue spectrum for the random energy model
with rates for hopping off the track as specified in the text. Here arWvith rates for hopping off the track as specified in the text. Here an
example of the weak disorder regime spectrum is shown. Note th&txample of the strong disorder regime spectrum is shown. Note that
the rightmost part of the RE) axis is displaced slightly below zero. the rightmost part of the Rk) axis is displaced slightly below zero.
Shown are the 140 eigenvalues with the lowest valugjoiind the ~ Shown are the 300 eigenvalues with the lowest valugjaénd the
system size isN=4500. system size iN=4500.

. APPENDIX C: RANDOM ENERGY MODEL
when the rates for leaving the track are set to zero. To do

this, we write the Master equation describing the time evo- In this appendix, we discuss the spectrum of the random
lution as energy version of the model, described by E#), which
also allows the energy at even sites to vary. The rates are
a|P(t)) = M|P(t)), (B1)  slightly modified so that they satisfy local detailed balance
with respect to these energies. An example of the relevance
where|P(t)) is a vector with components,(t), the probabil-  of random energy models to biological system can be found
ity of being at siten at timet [32]. M is the evolution in [33], which studies the diffusion of regulatory proteins
operator of the model with nonzero components given by along DNA. Another realization(although there is no
analogy of “falling off”) is translocation of ssDNA through a
Miis1=Wy M- =w, forieven, pore with identical environments on tliens and cis sides
[11]. As stated in the text, the long-time large wavelength
properties of this model are very similar to those of a model
studied in the context of vortex physif80]. We use model
(1) with T=1,An=0,T=1, and use the parameters
Mii== Mg~ My (B2)  {pu={ay,a1,01,01,61,£1}={6,1,1,6,0,15 and {p;}
=Hay,ap,wy,wy,8,,651={1.2,1,1,1.2,0.5,0{8 Here ¢;, ¢/
The last relation ensures conservation of probability. For alenotes that energy at even and odd sites, respectively.
heterogeneous model, the rates corresponding to a given type In Figs. 20 and 21, the spectra of the evolution operator of
of monomerM; s, Mis1j, Misaj1, Mis1j+2 With i even  the model are shown for wedk/g,;=0.1 andw2,=0.1 (W24
are chosen at random. The diagonal terms are then automa#i0.12 andwgﬁzo.lz) for the parameter sdp;}({p,})] and
cally given by Eq.(B2). To study the eigenvalue spectrum, strong disordefw?;=0.1 andw3,=0.1 (W3,=0.4 andw?
periodic boundary conditions are imposed. Finally, the=0.4) for the set{p;}({p,})] in the detachment rates. As can
hopping-off rate from sité, h; (given byw?; orw’; depend- be seen from the figures, strong enough disorder in the

Miii=wWy,  M;i,=w; fori odd,

ing on whetheri is even or ody is added through\;; hopping-off rates, as before, causes eigenvalue with small
— M, ;—h;,. The spectra presented in this paper were calcup\| to be real and therefore associated with localized
lated USINGVIATLAB . eigenfunctiong20].
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