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The dynamics of molecular motors which occasionally detach from a heterogeneous track like DNA or RNA
is considered. Motivated by recent single-molecule experiments, we study a simple model for a motor moving
along a disordered track using chemical energy while an external force opposes its motion. The motors also
have finite processivity, i.e., they can leave the track with a position-dependent rate. We show that the response
of the system to disorder in the hopping-off rate depends on the value of the external force. For most values of
the external force, strong disorder causes the motors which survive for long times on the track to be localized
at preferred positions. However, near the stall force, localization occurs forany amount of disorder. To obtain
these results, we study the complex eigenvalue spectrum of the time evolution operator. Existence of localized
states near the top of the band implies a stretched exponential contribution to the decay of the survival
probability. A similar spectral analysis also provides a very efficient method for studying the dynamics of
motors with infinite processivity.
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I. INTRODUCTION

Single-molecule experiments which study molecular mo-
tors provide a powerful tool for understanding their function
f1g. By applying a mechanical force, one can often discern
details of their reaction steps. For example, a recent paper
considered the motion of a kinesin moving along a microtu-
bule under the influence of a force opposing its motionf2g.
By measuring the relationship between the applied force,F,
and the velocity of the kinesin,v, at different ATP concen-
trations, it was possible to infer that the chemical reaction
cycle contains at least one load-dependent transition.

More recently, it has been possible to study, using similar
techniques, the motion of RNA polymerasesRNApd f3,4g,
DNA polymerase sDNApd f5g, helicases f6g, and
l-exonucleasef7,34g. In contrast to kinesin and myosin,
which move along homogeneous polymer filaments, these
motors move along DNA, which is inherently a heteroge-
neous track, with the energy landscape determined by the
nucleotide sequencef8g. Indeed, the dynamics of these mo-
tors seems far richer than that of kinesinf2g or, say, myosin
V f9g, which move along periodic filaments. Theoretically, it
is expected that heterogeneous and homogeneoussor peri-
odicd tracks can give rise to very different motor dynamics.
On long time and large length scales, the motion of motors
moving along a homogeneous track is described well by a
random walker moving along a tilted potential. In contrast,
the motion of molecular motors which use chemical energy
to move along disordered filaments is described by a random
walker moving on a random forcing energy landscape
f10,11g. The effective energy difference between two points
separated bym nucleotides scales asÎm. The large energy
barriers implied by such landscapes lead to anomalous dy-
namicsf12g when the overall tilt of the energy landscape is
small; the displacement of the motor grows as a sublinear
power of time. For molecular motors, this corresponds to

applying an external force strong enough to place the system
near the stall point of the motor.

The theories described above do not treat the effect on the
dynamics of asposition-dependentd detachment probability
of motors from the track. We will refer to models where no
unbinding of the motor from the track is allowed as “infinite
processivity” models. In this paper, we study theoretically
the effect of a finite processivity on the behavior of molecu-
lar motors. Previous work has considered the effect of de-
tachment mainly on the dynamics of many molecular motors
or with homogeneous tracksf13–18g. We consider a motor
which can leave the polymer on which it is moving but can
never rebind to it. This case is relevant to single-molecule
experiments which follow a specific motor or a dilute con-
centration of motors on a long DNA track. In such experi-
ments sespecially if a background hydrodynamic flow
washes away detached motorsd, the probability of rebinding
to the track after detachment is negligible.

We show that when molecular motors are moving along a
homogeneoussor periodicd filament, the long-time dynamics
of those motors that remain attached is unaltered by detach-
ment events. However, for motors moving along a heteroge-
neous track, this is not the case. For proteins such as RNAp
and DNAp that walk along DNA, the detachment rate de-
pends on the monomer on which the motor is located. The
disorder in the detachment rates is thus correlated with the
disorder in the hopping rates as both are determined by the
same DNA sequence. When the detachment rate varies from
monomer to monomer, the motors’ dynamics can be influ-
enced by spatially localized eigenfunctions of the evolution
operator. For the regime where the displacement of the motor
is linear as a function of time, strong disorder causes the last
motors which remain attached to the track to stall out before
falling off. Moreover, when the displacement of the motor as
a function of time is sublinear,anyamount of disorder in the
hopping-off rates causes the last motors which remain at-
tached to the track to halt before falling off. A schematic
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representation of the resulting “phase diagram” for the dy-
namics is shown in Fig. 1.

To show these results, we use methods developed in
f19,20g in the context of the physics of vortices, and numeri-
cally study the eigenvalue spectrum of the non-Hermitian
evolution operator for the probability distribution of the mo-
tor. As will be shown, the characteristics of this operator’s
spectrumswhich include localized and delocalized states as
well as a mobility edged allow the long-time, large length-
scale dynamics to be obtained in a straightforward manner.
Interestingly, thedynamics of motors on heterogeneous
tracks with finite processivity is similar to the non-Hermitian
statistical mechanicsarising in models of vortex physics
f19,20g.

To support these results further, we also study analytically
a toy model which consists of a directed walker among traps
with a broad distribution of release times. The model was
studied for the case of infinite processivity inf12g. We show
that in the infinite processivity case, the model yields the
same spectrum as observed in the numerics. Moreover, we
show that for a motor with finite processivity, when the cor-
responding infinite processivity model shows sublinear drift,
any amount of disorder in the hopping-off rates leads to lo-
calization of the eigenfunction, consistent with our numerical
results.

The paper is organized as follows. In Sec. II, the model
we study is introduced and known results for the infinite
processivity limit are reviewed. In Sec. III, the infinite pro-
cessivity model is analyzed using the eigenvalue spectrum of
the evolution operator. It is shown that the long time, large
length-scale behavior of the model can be extracted from the
properties of the spectrum. In Sec. IV, we study the spectral
properties of an evolution operator that takes account of de-
tachment of motors from the track and their physical impli-
cations. Specifically, the implications for measurements of
the probability of finding a motor on the track as a function
of time are discussed. Finally, in Sec. V, the analysis of the
toy model is presented.

II. THE MODEL

The model we consider was introduced and studied in the
limit of infinite processivity inf11g. It is inspired by previous

models of molecular motorsf10,21–24g, but is simple
enough so that exact solutions can be found, in the limit of
infinite processivity, with and without disorder. The model is
defined on a discrete lattice,x=0, 1, 2 …, with distinct a
sevend and b soddd sites and a distancea0 between lattice
points. A monomer of the tracksa nucleotide, sayd is taken to
be of size 2a0. The arrangement is shown schematically in
Figs. 2 and 3. To model the two internal states of the model,
we take even sites to have an energy«=0 while odd sites
have an energy«=D«. The transition rates depicted in Fig. 3
take the form

wa
→ = saeDm/T + vde−D«/T−f/2T,

wb
← = sa + vdef/2T,

wa
← = sa8eDm/T + v8de−D«/T+f/2T,

wb
→ = sa8 + v8de−f/2T, s1d

where we have set the Boltzmann constant to bekB=1. Note
that there are two parallel channels for the transitions. The
first, represented by contributions containinga anda8, arise
from utilization of the chemical energyDm. The chemical
energy difference could be, for example, a result of an excess
concentration of NTP’ssor just ATPd with respect to its ther-
mal equilibrium value. The second channel, represented by

FIG. 1. Schematic behavior of the influence of disorder in the
rates for leaving the track on the dynamics of the motors.D repre-
sents the strength of the disorder, measured through the variance of
the hopping-off rates divided by the square of their mean. Note that
whenD=0, the motors are always delocalized except atFstall. This
is emphasized by the shading. It should be stressed that the notions
“localized” and “delocalized” here refer to motors which remain on
the track for long times.

FIG. 2. Setup modeled. The motor is moving from the − end to
the + end, driven by hydrolysis of nucleotide tri-phosphate. A force
is pulling on the motor in the opposite direction. The track shown is
made up of two types of monomerssdepicted as shaded and white
areasd. Although this schematic suggests a microtubule with disor-
der in the protein constituents, we actually have in mind motors
moving on DNA or RNA templates, with four distinct nucleotides.
The corresponding experimental setup for RNAp is shown inf4g
and does not change the treatment. Moreover, elaborations which
make our model more realistic at a microscopic level should not
affect the predictions for long-time, large length-scale dynamics.

FIG. 3. Graphical representation of the model for molecular
motors. The distinct even and odd sites are denoted bya and b,
respectively.

KAFRI, LUBENSKY, AND NELSON PHYSICAL REVIEW E71, 041906s2005d

041906-2



the terms containingv and v8, correspond to thermal tran-
sitions unassisted by chemical energy. In addition, the exter-
nally applied forceF, with f =Fa0, biases the motion. To
model finite processivity, we add rateswoff

a and woff
b corre-

sponding to the detachment from the track at even and odd
sites, respectively.

Before turning to the study of finite processivity, we re-
view some of the results which are known for the infinite
processivity limitf11g. We show later that these results may
be reproduced by studying the spectral properties of the evo-
lution operator of the probability distribution. It is the spec-
tral method that will allow us to determine the dynamics
most readily when the processivity is finite. In the homoge-
neous casesa , a8 , v, andv8 independent of positiond, when
no disorder is present the model is described on long times
and large length scales by a random walker moving along a
potential with an overall tilt between two even sites which is
given by

DE = T lnSwa
←wb

←

wa
→wb

→D = T lnS sa + vdsa8eDm/T + v8d
saeDm/T + vdsa8 + v8d

D + 2f .

s2d

We refer to such an energy landscape as an effective energy
landscape. It is an alternative description of the dynamics
associated with the rates of Eq.s1d, which in general will not
satisfy detailed balance since they describe nonequilibrium
processes. Note that whenf =0 and the chemical potential
differenceDm=0, one hasDE=0 and no net motion is gen-
erated. Also, when there is directional symmetry in the tran-
sition ratesa=a8 , v=v8 sreflecting directional symmetry in
the DNA trackd, and f =0, one hasDE=0 even whenDm
Þ0. Absent this symmetry, chemical energy can be con-
verted to motion and an effective tilted potential is generated.
Similar conditions for biased motion have been shown to
exist for continuum modelsf23,24g. The effect of the exter-
nally applied force is simply to change the overall tilt in the
potential. Thus, for motors moving along a homogeneoussor
periodicd polymer, one expects the velocity to change con-
tinuously asf is changedssee Fig. 4d.

For motors moving on heterogeneous filaments, the situ-
ation is very different. Here the set of parametershpj
=ha ,a8 ,v ,v8 ,D«j is drawn from a random distribution.
Each set of parameters describes the dynamics on a given
type of monomer. Using the results presented above, it is
easy to see using Eq.s2d that the total effective energy
change afterm monomers is given by

Esmd = o
l=1

m

DEsld. s3d

Here, eachDEsmd corresponds to an independent set of val-
ues ofhpj drawn randomly for themth monomer. Assuming
thatDEsmd is drawn from a random distribution with a finite
variance, the effective energy landscape corresponds to abi-
ased random walk. Such energy landscapes are typically re-
ferred to as random forcing energy landscapes.

The above scenario applies as long as the chemical poten-
tial differenceDmÞ0. In the case whenDm=0, it is easy to
see thatEsmd=0 unless we allow for the energy at even sites
also to vary and take the value«smd f25g. In this case, we
obtain

Esmd = 2fm+ «smd, s4d

corresponding to arandom energylandscape provided«smd
has only short-range correlations.

The dynamical behaviors of random walkers in random
forcing or random energy landscapes have been studied in
detail f12,26g. Using the results of Derridaf26g, one can
calculate the transition points between the different regimes
including the effect of randomness for our modelf11g. Upon
denoting averages over the disorder rates by an overbar, one
finds the following regimes as one changes the force acting
on the motor. We comment that inf10g it was suggested that
similar regimes can be observed by increasing the density of
defects which cause the motors to reverse their bias along the
track.

Regime I. Ordinary biased diffusion occurs when

f , −UT

4
lnSwa

←wb
←

wa
→wb

→D2U
f=0

s5d

or

f .UT

4
lnSwa

→wb
→

wa
←wb

←D2U
f=0

, s6d

where the subscriptf =0 denotes thatf has been set to zero
when evaluating the average. In this regimekxl=vt and
kx2l−kxl2=2Dt for long times, where the angular brackets
denote an average over different thermal histories of a parti-
cule starting from a particular point. Another way of stating
this result is that for large times, the calculated velocity and
diffusion constant, defined by the above relations, do not
depend on the size of the time window,tW, over which they
are evaluated. This resultsonly holds for biases satisfying
Eqs.s5d and s6d.

Regime II. The calculated diffusion constant now depends
on the size of the time window,tW, over which it is evalu-

FIG. 4. Schematic behavior of the velocity for a heterogeneous
linear motor track as a function of the applied force. It is assumed
that chemical forcessfrom the NTP hydrolysisd lead to a positive
velocity in the absence of a force. The anomalous dynamics arises
in the vicinity of a stall force defined by Eq.s10d. The different
dynamical regimes defined in the text are denoted in the figure. The
striped line on thef axis denotes the region where anomalous dif-
fusion is present.
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ated. The velocity does not. Namely, in this regionkxl=vt
and kx2l−kxl2, t2/m, where 1,msfd,2. In the infinite tW
limit, the diffusion constant, D; limtW→`fkxstWd2l
−kxstWdl2g / tW, diverges. This anomaly occurs in the ranges

−UT

4
lnSwa

←wb
←

wa
→wb

→D2U
f=0

, f ø −
T

2
lnSwa

←wb
←

wa
→wb

→D
f=0

s7d

and

T

2
lnSwa

→wb
→

wa
←wb

←D
f=0

ø f ,UT

4
lnSwa

→wb
→

wa
←wb

←D2U
f=0

. s8d

Regime III. Hereboth the velocity and the diffusion con-
stant are functions of the size of the time windowtW, and
kxl, tm andkx2l−kxl2, t2m, wheremsfd,1. In the infinitetW
limit, the velocity v; limtW→`fkxstWd−xs0dlg / tW vanishes.
The diffusion constant,D; limtW→`fkxstWd2l−kxstWdl2g / tW,
either vanishes or diverges depending on whetherm,1/2 or
m.1/2. This behavior occurs when

−
T

2
lnSwa

←wb
←

wa
→wb

→D
f=0

ø f ø
T

2
lnSwa

→wb
→

wa
←wb

←D
f=0

. s9d

Sinai diffusion. Exactly at the stall forcefs,kxl=0 and
kx2l,flnst /tdg4, wheret is the microscopic time needed to
move across one monomer. The “stall force” corresponding
to a disordered track is defined by

fs =
T

2
lnSwa

→wb
→

wa
←wb

←D
f=0

. s10d

The resulting behavior as the force is varied is summa-
rized qualitatively in Fig. 4 in the limit of an infinite averag-
ing time window tW. Most notable is the region of forces
sregion IIId over which the displacement of the motor is sub-
linear and the usual long-time velocity vanishes. Experi-
ments are performed with finitetW. The measured velocity
then behaves in region III astW

m−1, smoothing the curve
shown in Fig. 4, and naturally giving rise to aconvexshape
of the velocity-force curve. This convexity is demonstrated
in Fig. 5, where the model was simulated and the velocity
measured using different averaging time windowstW ssee
Appendix A for detailsd. As is evident in this figure, the
largertW, the closer is the velocity-force curve to that shown
in Fig. 4. In Fig. 6, typical trajectories of the motor on the
track are shown for different values off /T for a single real-
ization of the disorder. Plateaus and jumps appear as one
moves closer to the region of anomalous displacement, and
the dynamics is controlled by deep minima in the effective
energy landscape with rapid transitions between them. Such
motion is typical of random forcing energy landscapesf12g.

III. INFINITE PROCESSIVITY: A SPECTRAL
ANALYSIS APPROACH

The behavior of the infinite processivity limit, as summa-
rized above, is rather well understood. In this section, we

show that the dynamics with infinite processivity may also
be deduced by an alternative approach: the spectral proper-
ties of the evolution operator of the probability density are
exploited to deduce the long-time, large length-scale proper-
ties of the model. The important features of the eigenvalues
and eigenfunctions which characterize the long-time dynam-
ics are expected to be insensitive to details of the model. The
method has previously been applied in the study of the phys-
ics of vortex lines in superconductorsf19,20g and population
dynamics f27,28g. Earlier studies considered the spectral
properties of a random walker on a random forcing energy
landscape after “gauging away” the external bias, making the
evolution operator Hermitianf12g. However, as we will
show, a more direct approach reveals important features
ssuch as complex eigenvalue spectrad which are not easily
observed in the approach off12g. Although here the ap-
proach is used to reproduce known results, it might prove
useful in the study of more complicated models with an in-
finite processivity where an analytic solution is not possible.
In addition, the spectral approach to the infinite processivity
model will be very useful as a benchmark once we address
the question of finite processivity.

In what follows, we will often consider a coarse-grained
effective dynamics in which each new lattice site represents
a unit cell, containing onea and oneb site, of the original
lattice fEq. s1d and Fig. 3g. The lattice spacing in this new
coarse-grained model isa=2a0. Below we first review the
spectrumsand the associate dynamicsd of the trivial homo-
geneous model before turning to the disordered one.

A. Homogeneous model

As discussed above, the homogeneous problem is well
described on long time scales and large length scales by a
random walker moving along a tilted potential. To see this

FIG. 5. The velocity as a function off /T for different values of
tW. HereDm /T=3 and parameters were chosen with equal probabil-
ity to be eitherhpj=h5,1,0.3,1,0j or hpj=h4,0.1,0.7,1,0j ssee
text for notationd. The calculated regime of anomalous velocity is
0.5116, f /T,0.699. Data incorporate 100 runssthus averaging
over thermal fluctuationsd for a single realization of the disorder.
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from the model’s spectrum, we first solve for the probability
of being in odd sites and substitute the solution in the equa-
tion for the probability of being in even sites. The resulting
coarse-grained equationf11g, in the long-time limit, for the
probability, Psx,td, of being at sitex at time t is given by

swb
→ + wb

←d]tPsx,td = wa
→wb

→Psx − 2,td + wa
←wb

←Psx + 2,td

− swa
→wb

→ + wa
←wb

←dPsx,td. s11d

In the continuum limit, which describes the long-time, large
length-scale behavior of the model, we have

]tPsx,td = D]x
2Psx,td − v]xPsx,td, s12d

with D=a2swb
→wa

→+wb
←wa

←d /2swb
→+wb

←d and v=aswb
→wa

→

−wb
←wa

←d / swb
→+wb

←d. Here, as noted above,a=2a0 is a lat-
tice constant analogous to a unit cell size in conventional
solid-state physics. We consider a system of sizeL=Na and
perform a Laplace transform in time and a Fourier transform
in space so that

Psx,td = o
k

gskdeikx+lskdt. s13d

The coefficientgskd will depend on the initial conditions. If
periodic boundary conditions are imposed on a lattice of size
L, the wave vectorsk specifying thesdelocalizedd eigenfunc-
tions Cksxd,eikx are quantized,kn=2pn/L , n=0, ±1, … .
In general, since the evolution operator is non-Hermitian,
eigenvalues may be complex. The complex eigenvalues must
come in complex-conjugate pairs to ensure a real probability
densityPsx,td f20g. The eigenvalue spectrum is given by

lskd = − Dk2 − ivk, s14d

corresponding to diffusion with drift. The dependence of the
real part of the spectrum onk describes diffusion, while the
dependence of the imaginary part describes drift with a con-
stant velocity. This identification is possible when periodic
boundary conditions allow a current to flow in the system
even in the limit oft→`.

B. Heterogeneous model

For the heterogeneous model the situation is more subtle,
because the Fourier transform cannot be used to diagonalize
the evolution operator. Nevertheless, we will show that a
numerical analysis of the eigenvalue spectrum can be used to
deduce the dynamical properties of the model. The role of
the wave numbers in the homogeneous model is taken by
winding numbersf29g.

The winding number, defined only for complex eigen-
functions, is given by the number of times the eigenfunction
spirals around the origin in the complex plane as it traverses
the whole lattice with periodic boundary conditions. For ho-
mogeneous systems and eigenfunctions which behave like
eiknx we havekn=2pn/Na, implying a winding numbern.
For disordered systems, it can be shownf29g that the wind-
ing number increases linearly with theeigenvalue index n
which orders the eigenfunctions from the lowest value of
ulsndu to the highest. That is, the winding number associated
with an eigenvalue of magnitudeulsndu is ±n. Moreover, if
the eigenvaluelsnd is in the upper part of the complexl
plane, its winding number isn. Its complex-conjugate pair
l* snd will then have a winding number −n. For real eigen-
values, the eigenfunctions can be chosen to be real and the
winding number is not defined. In this case, the eigenfunc-

FIG. 6. Typical motor trajecto-
ries shown for the same param-
eters as Fig. 5. The values off /T
are indicated in the figure. Note
that the plateaus and jumps be-
come more pronounced asf in-
creases toward the stall forcefs

.0.56.
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tions can be classified by the number of zeros, as in one-
dimensional quantum mechanicsf30g.

The eigenvalue spectrum of the heterogeneous model
with periodic boundary conditions can be used to encapsu-
late the long-time dynamical properties of the model. Spe-
cifically, the dependence of the real and imaginary parts of
the eigenvalues on thewinding numbersignals the properties
of the mean-square displacement and drift of the motor mol-
ecule within our model.

To this end we consider the model of Sec. II with, as
before, two types of monomers drawn at random. The set of
parameters representing each type of monomerhpj
=ha ,a8 ,v ,v8 ,D«j is chosen with probability 1/2 to be
hp1j=ha1,a18 ,v1,v18 ,D«1j and with probability 1/2 to be
hp2j=ha2,a28 ,v2,v28 ,D«2j. The chemical potential difference
Dm is assumed to be the same for both types of monomers.
Allowing Dm to depend on the type of monomer does not
alter the qualitative long-time behavior of the model.

We calculated the eigenvalue spectrum of the evolution
operator numerically by diagonalizing a matrix with a
specific realization of the disorderssee Appendix B for more
detailsd. From the exact solution of the model, we
expect three different regimes. Below, a typical spectrum
from each of the regimes is shown and examined
in detail. Throughout we setT=1 and use the
parameters hp1j=ha1,a18 ,v1,v18 ,D«1j=h6,1,1,6,0j and
hp2j=ha2,a28 ,v2,v28 ,D«2j=h1.2,1,1,1.2,0j sagain with
equal probabilityd andeDm/T=10. The results are unchanged
for similar sets of parameters. For these values of the param-
eters, the exact locations of the transitions between the dif-
ferent regimes can be readily calculated using the results
summarized in Sec. II.

Regime I. For f ,0.2256 andf .0.518, the motion is bi-
ased diffusion. A typical spectrum of eigenvalues in the com-
plex planesfor f =0d is shown in Fig. 7. We show only the
eigenvalues with the smallestulu, because those with larger
values are nonuniversal and are highly dependent on the de-

tails of the model used to describe the motion of the motor.
The spectrum has two branches in the complexl plane.
Also, it has no purely real partsswith the exception ofl=0d.

For usual diffusion with uniform drift in a homogeneous
system, as discussed above,lskd=−Dk2− ivk. The imaginary
part of the spectrum corresponds to drift, the real part to
diffusion. A similar behavior might be expected in our het-
erogeneous model forlskd, wherek is related to the winding
number ask=kn=2pn/Na. This can be seen in a plot of the
real and imaginary parts of the spectrum as a function of the
eigenvalue index as defined above. Since in this regime the
dynamics is biased diffusion, we expect Imflsndg~n, while
Reflsndg~n2.

To test this hypothesis, we order the eigenvalues accord-
ing to their magnitude and plot Imflsndg and Reflsndg. Fig-
ure 8 shows Imflsndg for small n. One can see that indeed
the slope is linear. Figure 9 shows −Reflsndg for small n on
a log-log scale along with a line −Reflsndg=An2 with A
some constant. At smalln indeed Reflsndg~n2 for more than
a decade.

Regime II. Next we turn to look at the region where the
diffusion constant depends on the size of the time-averaging
window used to evaluate it, while the velocity does not. For
the parameters used in the numerics, this occurs for force
windows given by 0.2256, f ,0.2882 and 0.4555, f
,0.518. A typical spectrum of eigenvalues in the complex
plane is shown in Fig. 10. Again we concentrate on the small
ulu part of the spectrum and examine Imflsndg and Reflsndg.
Figure 11 presents a plot of Imflsndg for small n. The ex-
pected dependence onn is linear. A careful analysis of the
curve shows that Imflsndg can be fit well toAn+Bn3 for
smalln shere we have used the fact that Imflsndg is expected
to be an odd function ofnd. The coefficientB decreases as
the size of the system studied is increased. Such a correction
is expected if the time to reach the asymptotic behaviorkxl
,vt is so large that it is comparable to the relaxation time of
the system. For larger systems, the correction will become
less important and the asymptotic behavior will be observed

FIG. 7. The eigenvalues obtained forf =0. Here the system size
is N=4500. Shown are the 140 eigenvalues with the lowest value of
ulu. In the region near the origin, we expect that Imsld
~ ±ÎuResldu.

FIG. 8. The imaginary part of the eigenvalue, Imflsndg, for f
=0 as a function ofn. Here the system size isN=4500. Shown are
the 140 eigenvalues with the lowest value ofulu.
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more easily. Figure 12 shows −Reflsndg for small n on a
log-log scale along with the linesAn andBn2 with A andB
some constants. At smalln, Reflsndg indeed does not be-
have asn2. It shows a smaller slope in accordance with a
behavior consistentnm with 1,m,2. In fact, from naive
dimensional considerationssl behaves as 1/t while x,nd
this is the behavior expected whenkx2l−kxl2, t2/m.

Regime III. Finally, we turn to look at the region where
the velocity is effectively zero astW→` and the diffusion is
again anomalous. For the parameters used in our numerical
analysis, this regime occurs for 0.2882, f ,0.518. A spec-
trum of eigenvalues in the complex plane is shown in Fig.
13. Again we concentrate on the smallulu part of the spec-
trum. To get a clear picture, one needs to plot both Imflsndg
and Reflsndg. The positive part Imflsndg is plotted on a log-

log plot in Fig. 14. Here the displacement of the particle is
expected to behave astm with m,1. This leads to an ex-
pected dependence Imflsndg~n1/m. A reference lineAn with
A a constant is plotted for comparison. Clearly, Imflsndg
behaves as expected.

Figure 15 shows −Reflsndg for smalln on a log-log scale
along with a lineAn2 with A some constant. As can be seen
at smalln, indeed Reflsndg does not behave asn2. Here a
similar argument as before leads one to expect −Reflsndg
~n1/m for small n, consistent with the numerics.

We comment that the analysis is only possible not too far
from the transition point into regime III. Deep inside the
region with anomalous velocity, the smallulu spectrum be-
comes very noisy due to finite-size effects. Analysis of the
spectrum then becomes difficult due to these strong sample-

FIG. 9. The real part of the eigenvalue, −Resld, for f =0 as a
function of the winding numbern. Here the system size isN
=4500. Shown are the 140 eigenvalues with the lowest value ofulu.
The solid line is the functionAn2 with A a constant.

FIG. 10. The eigenvalues obtained forf =0.25 Here the system
size is N=4500. Shown are the 140 eigenvalues with the lowest
value of ulu. Near the origin we expect that Imsld~ ± uResldu1/m,
with 1,m,2.

FIG. 11. The imaginary part of the eigenvalue forf =0.25 as a
function of the winding numbern. Here the system size isN
=4500. Shown are the 140 eigenvalues with the lowest value ofulu.

FIG. 12. The real part of the eigenvalue, −Resld, for f =0.25 as
a function ofn. Here the system size isN=4500. Shown are the 140
eigenvalues with the lowest value ofulu. The functionAn andBn2

with A andB constants are plotted for reference. From a fit to the
slope of our numerical data, we findm=1.915±0.004.
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to-sample fluctuations. Hence we have not attempted an
analysis in the Sinai diffusion regime, where the energy land-
scape is nearly horizontal.

IV. FINITE PROCESSIVITY

A. Homogeneous model

As discussed above, the homogeneous model is well de-
scribed on long time scales and large length scales by a ran-
dom walker moving along a tilted potential. The unbinding
of motors from the track adds a nonconserving term to the
equation for the probability density. In a continuum descrip-
tion, one now has

]tPsx,td = D]x
2Psx,td − v]xPsx,td − woffPsx,td. s15d

In terms of the microscopic model as before one has
D=a2swb

→wa
→+wb

←wa
←d /2swb

→+wb
←d and v=aswb

→wa
→

−wb
←wa

←d / swb
→+wb

←d. In addition, here woff =fwoff
b swa

→

+wa
←d+woff

a swb
→+wb

←dg / swb
→+wb

←d.
Again, we consider the model with periodic boundary

conditions and perform a Laplace transform in time and a
Fourier transform in space. The eigenvalue spectrum is given
by lskd=−Dk2− ivk−woff. Whenwoff =0, the motion is diffu-
sion with drift. However, whenwoff .0 the probability den-
sity decays exponentially to the empty track statePsx,td=0
with a typical time scale 1/woff. Note, however, that the
eigenfunctions are identical to the infinite processivity case.
In fact, the probability density of the motor can be written as

Psx,td = e−wofftPwoff=0sx,td. s16d

Up to a rescaling of the probability density, the time evolu-
tion is unaltered. That is, the motors which remain on the
track areunaffectedby a constant hopping-off rate.

B. Heterogeneous model

If the hopping-off rates are uniform along the track, but
the remaining parameters are chosen randomly,woff

a andwoff
b

are the same for all types of monomers, and it is straightfor-
ward to see that the effect is the same as for a homogeneous
system: the dynamics of the motors which remain on the
track are unaffected by the nonconservation.

We now show that, when randomness in the rates for hop-
ping off the track is introduced into the system, the dynamics
of the motors which remain on the track can be altered in a
dramatic way. The eigenfunctions of the evolution operator
are affected by the heterogeneous hopping-off rates as well
as by the sequence heterogeneity as it affects the local diffu-
sion constant and drift velocity. As we shall see, disorder in

FIG. 13. The eigenvalue spectrum obtained forf =0.31, where
both diffusion and drift are anomalous. Here the system size isN
=4500. Shown are the 40 eigenvalues with the lowest value ofulu.
Near the origin, we expect Imsld~ ± uResldu.

FIG. 14. The imaginary part of the eigenvalue forf =0.31 as a
function of the winding numbern. Here the system size isN
=4500. Shown are the 40 eigenvalues with the lowest value ofulu.
A fit to Imsld~−unu1/m, over only one decade, givesm=0.6±0.1.
The functionAn with A a constant is plotted for reference.

FIG. 15. The real part of the eigenvalue, −Resld, for f =0.31 as
a function ofn. Here the system size isN=4500. Shown are the 40
eigenvalues with the lowest value ofulu. A fit to Resld~n1/m, over
only one decade, givesm=0.6±0.1. The functionAn with A a con-
stant is plotted for reference.
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the hopping-off rates has a profound effect on the behavior
of motors which remain on the track. We stress that, with
applications to molecular motors in mind, the disorder in the
detachment rates we consider iscorrelated with the local
hopping rates.

As for the conserving heterogeneous model with its ran-
dom force landscape, we study the dynamics by considering
the spectral properties of the evolution operator of the model.
The effect of detachment is included by setting the rateswoff

a

andwoff
b , corresponding to leaving the track at even and odd

sites, respectively, to be nonzero and site-dependent. We find
two types of behavior which depend on the drift properties of
the motor for the corresponding conserving model. When the
drift is linear in time, the last motors to be left on the track
localize only beyond a critical disorder strength in the
hopping-off rates. Similar behavior arises in the physics of
vorticesf19,20g and in population dynamicsf28g. The behav-
ior when the displacement of the motor for the conserving
model is sublinearsi.e., when it is not possible to define
a drift velocityd is different. Now, the last motors to remain
on the track arealways localized for any strength of the
disorder.

We comment that while in the numerics, simple argu-
ments and toy model simplified assumptions are made on the
rates for leaving the track, our results are valid for general
values of the rates. Below, we consider first the regime where
the displacement of the motor is ballistic in the conserving
model both by studying the spectrum of its evolution opera-
tor and by using simple arguments. Then the sublinear dis-
placement regime is studied. The section ends with a discus-
sion of the implications of the results on the dynamics.

1. Ballistic displacement

First, we consider the regime where the displacement of
the motor in the conserving model is linear as a function of
time sm.1d. We will show that when the disorder in the
rates of leaving the track is strong enough, the eigenvalues
with the smallestulu become purely real. This is a regime of
localized eigenfunctions and corresponds to motors with zero
drift velocity. This feature is present over the whole region
wherem.1.

To explore this behavior, we have studied the eigenvalue
spectrum of the model numerically for systems of size 4500.
In Fig. 16, results are shown for the casef =0 sm.2d. How-
ever, the localization effects which are of interest to us here
remain unchanged for all values off such thatm.1. The
parameters used are the same as used previously in the paper
augmented bywoff

a =0.01 andwoff
b =0.01 swoff

a =0.02 andwoff
b

=0.02d for the parameter sethp1jshp2jd. As can be seen, ex-
cept for the lowestulu eigenvalue, all eigenvalues have an
imaginary part. Thus, the motors are biased to move across
the lattice in a positive direction. In Fig. 17, we show the
spectrum with woff

a =0.01 and woff
b =0.01 swoff

a =0.08 and
woff

b =0.08d for the set hp1jshp2jd, which corresponds to a
larger disorder strength. Here eigenvalues beyond a certain
mobility edge become real, implying that the long-lasting
motors are described by localized statesf20,27g. Note that
the disorder in the hopping-off rates is correlated with the
disorder in the hopping rates themselves, as required if both

are due to the same underlying heterogeneous polynucleotide
sequence.

The transition between moving and localized motors can
be understood, in the case of ballistic displacement, by
adapting the ideas of Ref.f31g. We consider a simplified
model for the motors. The energy landscape consists of two
slopess1 ands2 scorresponding to two types of monomersd.
The velocity on a track with a slopes1ss2d is denoted by
v1sv2d. The rate for leaving the track on a region with a slope
s1 is assumed to bew, while the rate for leaving the track on
a region with slopes2 is 0. Note that as before, the local
detachment rates are correlated with the local biases.

FIG. 16. The eigenvalue spectrum forf =0 andm.2 with rates
for hopping off the track as specified in the text. Except for the
largest eigenvalue, all eigenvalues have an imaginary part. All
eigenfunctions, moreover, describe extended states with a well-
defined winding number. Shown are the 140 eigenvalues with the
lowest value ofulu and the system size isN=4500.

FIG. 17. The eigenvalue spectrum forf =0 with rates for hop-
ping off the track as specified in the text. As can be seen, the
eigenvalues with the lowest value ofulu become localized. Shown
are the 300 eigenvalues with the lowest value ofulu and the system
size isN=4500.
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Next, compare two “survival” strategies for the motor in
the long-time limit. In the first it spreads across the lattice
probing regions with slopes1 ands2. In the other it remains
in regions with slopes2 where detachment rates are zero. The
probability of staying in such regions can be estimated by
solving for a random walker moving on a tilted potential of
some size with absorbing boundary conditions at both ends.
One findsf31g that this probability behaves as

Pstaystd , e−v2
2t/4D, s17d

whereD is the diffusion coefficient on a track with slopes2.
The probability of survival of a particle moving across the
lattice can also be evaluated. One expects

Pmovestd , e−cwt, s18d

where c is a constant which will depend on the disorder
averaged velocity. For large enoughw, the particles that
choose the localized strategy clearly will have a better
chance of survival. One therefore expects that as the disorder
in the hopping-off rates is increased, a transition from local-
ized states to delocalized states will occur at the high end of
the spectrumscorresponding to smallk and small winding
numbersd. Note that the argument would not be altered if the
rate for hopping off from negative slope regions were non-
zero, although the transition point between the two regimes
would be shifted.

Finally we comment that this argument could also be used
for a model with a random energy landscapefsee Eq.s4dg.
This case is very similar to problems which have been stud-
ied in the context of the vortex physicsf19,20g and popula-
tion dynamicsf27g. For completeness, Appendix C presents
eigenvalue spectra, for weak and strong disorder, in that
case.

2. Sublinear displacement

A typical spectrum in the regime of sublinear displace-
ment, m,1, is shown in Fig. 18. Note the small band of
localized states with real eigenvalues near the top of the
spectrumssmall ulud. Again the parameters used are the same
as used previously with the falling from the track rateswoff

a

=0.01 andwoff
b =0.01 swoff

a =0.02 andwoff
b =0.02d for the set

hp1jshp2jd. Note that even for these small values of the
falling-off rates, localized states appear. This effect persists
even for falling-off rates smaller by more than an order of
magnitude and for various values off in this regime as long
as large enough systems were studied. For comparison, Fig.
19 shows the spectrum in the case of strong disorder. Here
woff

a =0.01 andwoff
b =0.01 swoff

a =0.06 andwoff
b =0.06d for the

parameter sethp1jshp2jd. As always in this paper, the two
parameter sets are assumed to occur with equal probability.
As can be seen from the figure, while details of the spectrum
are different from the weak disorder case shown in Fig. 18,
they are qualitatively the same.

3. Implications for the probability of finding a motor
on the track as a function of time

Next, we discuss the effect of the localized states occur-
ring near the topslow ulud of the spectrum on the probability

of finding a motor on the track as a function of time. It may
be possible to reveal these localized states by looking at the
density decay as a function of time of a dilute concentration
of fluorescently labeled motors placed on a track. The prob-
ability of finding a motor on the track as a function of time,
Psstd, could then be monitored by looking at the decay of the
fluorescent signal as a function of timespossibly averaging
over several experimentsd.

The implication of localized states for the probability
Psstd has already been considered in the context of random

FIG. 18. The eigenvalue spectrum forf =0.31 with rates for
hopping off the track as specified in the text. The small band of real
eigenvalues at the top of the spectrum characterizes localized states.
Shown are the 140 eigenvalues with the lowest value ofulu, and the
system size is againN=4500.

FIG. 19. The eigenvalue spectrum forf =0.31 with rates for
hopping off the track as specified in the text. The spectrum is quali-
tatively similar to that of Fig. 18 with weak disorder. The band of
real eigenvalues at the top of the spectrum characterizes localized
states and now contains, as expected, more states than Fig. 18.
Shown are the 140 eigenvalues with the lowest value ofulu, and the
system size is againN=4500.
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walkers subject to the influence of random trapsf31g. The
arguments are unaltered for the case of a random forcing
energy landscape, and here we consider a simple version. A
more detailed proof can be carried out along the lines of Ref.
f27g. We consider a system where the hopping and detach-
ment rates can only assume two values. We are interested in
the behavior in the long-time limit. When localized states
exist, the eigenfunctions are strongly peaked in regions
where the probability of detachment from the track is small.
The probability for such a region of lengthl to occur behaves
ase−gl, whereg is a constant. On the other hand, the time to

leave the region behaves ase−v2
2t/4D+xDt/l2, wherex is a con-

stant of order unity and we have included higher-order cor-
rections to Eq.s17d associated with the finite sizel of the
region. Note that we have used the fact that the detachment
rate is correlated with the local hopping rate so that the be-
havior inside the region is diffusive irrespective of the value
of m. Summing over the contribution from regions of differ-
ent lengths, one obtains

Psstd , e−v2
2t/4D−st/t0d1/3

. s19d

Here t0 depends on the constantsg and x, and D is the
diffusion coefficient. As expected, the leading behavior is
still exponential. However, a signature of the localized states
appears in the correction which has a stretched exponential
form.

In contrast, when no localized states exist, the behavior is
dominated by the detachment rates. In that case, no diffusive
corrections to the detachment rate from a region of sizel are
present. The stretched exponential correction to the decay of
Psstd displayed in Eq.s19d will be absent.

In summary, in the region of sublinear displacement one
expects a stretched exponential behavior to always be present
at long times when the probability of finding a motor on the
track is monitored. In the ballistic displacement regime, the
correction will be present only for strong enough disorder in
the detachment rates.

V. TOY MODEL

The understanding of the dynamics of random walkers
swith infinite processivityd on random forcing energy land-
scapes has been enhanced by a simple toy model introduced
by Bouchaudet al. f12g. The model builds on the fact that at
finite tilt, the sojourn timet at any site is found to have a
broad distributionCstd,t−s1+md for large t. This behavior
suggests that the dynamics could be mimicked by adirected
walk between traps with a broad release time distribution.
Specifically, the model consists of a particle moving unidi-
rectionally on a lattice with hopping ratesWk between site
k−1 andk which are drawn from a probability distribution

which satisfies CsWd< ĀWm−1 as W→0. Although the
equivalence to the original model cannot be justified rigor-
ously ssince back stepping is ignoredd, the two models are
known to exhibit the same long-time behavior.

Here we analyze the model from a somewhat different
perspective and show that indeed it yields for the infinite
processivity limit the types of spectra described in Sec. III.

Moreover, we study the finite processivity model in the limit
of weak disorderin the rates for leaving the track. Here the
rate for leaving the track at sitek, wk, is assumed to be
uncorrelated with the hopping rateWk. If one views the di-
rected model as a coarse-grained version of the original un-
directed model, then one expects that the hopping ratesWk
are determined by the depth of the traps in the energy land-
scape. In contrast, since the particles spend most of their time
near the bottom of the traps, the coarse-grained off rates in
the directed model will depend primarily on the local off
rates near the trap bottoms in the original model, suggesting
that thewk andWk should indeed be uncorrelated. With this
simplification, we show that similar to the more complex
models discussed earlier in this paper,any strengthof disor-
der in the rates for leaving the lattice causes the eigenfunc-
tions describing the long-time behavior of the model to be
localized for m,1. In contrast form.1, weak disorder
leaves the eigenfunctions delocalized.

It is convenient to first consider a more general model
with nonzero rates for leaving the track. We derive an equa-
tion for the eigenvalue spectrum of the model and then ana-
lyze the spectra separately in the infinite and finite proces-
sivity limits.

The time evolution of the model is described by the set of
master equations

dPkstd
dt

= WkPk−1 − Wk+1Pk − wk+1Pk. s20d

After a Laplace transform, the corresponding equations for
the eigenfunctions is then

sl + Wk+1 + wk+1dPksld = WkPk−1sld, s21d

which yields a recursion relation for thePksld which can be
readily solved. The possible eigenvaluesl are then deter-
mined by imposing periodic boundary conditions, yielding

1 = p
i=1

N
Wi

sl + Wi + wid
, expFNSln

W

l + W+ w
DG , s22d

where the last line holds in the limit when the system sizeN
is taken to infinity and the overline denotes as before average
over disorder. Care must be taken whenl is real. In this case,
the recursion relation might allow for somel+Wk+1+wk to
be zero. In that case,Pksld can assume any valuesto be set
by normalizationd while Pk−1sld=0. Such eigenfunction will
be referred to as “localized,” with a detailed justification
given below. Whenl is complex, we refer to the eigenfunc-
tions as delocalized.

According to Eq.s22d, we need to calculate

Rsld = Sln
W

l + W+ w
D . s23d

Since we are considering the long-time behavior and small
rates for leaving the track, we consider the limitul+wu !1.
It will be useful to holdw fixed for now and average over it
later. We denote the function obtained by averaging only
overW in Eq. s23d by Qsl ,wd. We find that it depends on the
value of the exponentm as follows.
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Case I: m.2. Here one finds to leading order insl+wd
that

Qsl,wd = − S 1

W
Dsl + wd + S 1

W2D sl + wd2

2
. s24d

Case II: 1,m,2. HereW−2 diverges and one has

Qsl,wd = − S 1

W
Dsl + wd + Bsl + wdm, s25d

whereB=Āp /msinspmd. Here,Ā is the amplitude of the tail

of the probability distribution,CsWd< ĀWm−1.
Case III: m,1. Here bothW−1 andW−2 diverge and one

has

Qsl,wd = Bsl + wdm. s26d

With these results at hand, we now turn to analyze the infi-
nite processivity limit.

A. Infinite processivity limit

In this case, we setw=0 for all sites. To analyze the
eigenvalue spectrum, we rewrite Eq.s22d in the form

Rsld = 2pin/N. s27d

Consider the solution for the different cases.
Case I:m.2. Here one has

2pin/N = − S 1

W
Dl + S 1

W2Dl2

2
. s28d

It is straightforward to solve the quadratic equation forl and
realize that Imsld~n while Resld~n2 in agreement with the
numerics of Sec. III.

Case II: 1,m,2. In this regime one has to solve

2pin/N = − S 1

W
Dsld + Bsldm, s29d

where B=Āp /msinspmd. Again, a straightforward analysis
shows that Imsld~n while Resld~nm, in agreement with the
numerics.

Case III: m,1. Finally, in this case one has

2pin/N = Bsldm, s30d

which evidently gives Imsld~n1/m and Resld~n1/m.

B. Finite processivity

Next, we turn to the finite processivity case. Here it will
be sufficient to consider only the leading-order contribution
to Rsld. To simplify, we study the case wherew can take
only two valuesw1=w and w2=0, which occur with prob-
ability p1 and p2. The general case can be analyzed very
similarly. This assumption gives, after performing the aver-
age overw,

RsEd = p1QsE,wd + p2QsE,0d. s31d

As in the previous subsection, we analyze the behavior of the
solutions of the equations forl and w small. Here it will

only be necessary to consider the casesm.1 andm,1.
Case I:m.1. Here we have

−K 1

W
Lfp1sl + wd + p2lg = 2pni/N s32d

with n an integer. Clearly, to solve the equationl must have
an imaginary part.sNote that we are missing the dependence
of the real part of the solution onn since we neglected
higher-order terms inl.d An imaginary part of the eigenvalue
implies that delocalized states exist for small disorder inw
f20g.

Case II: m,1. Here one has

Bfp1sl + wdm + p2lmg =
2pni

N
. s33d

Consider first the casen=0. In this case, the eigenvalue must
be realf32g and since the decay of particles from the system
cannot be faster thane−wt, one must have −wøl,0.
Clearly, such a solution cannot exist. Thus, the assumption
leading to Eq.s33d, namely that none of thePksld is zero,
fails. As we argued early,Pksld=0 away from a particular
site can only occur whenl is real. It is possible to show that
in this case, the density is peaked near the site wherePksld
=0 decaying exponentially fast ask increases. We conclude
that for any strength of disorder in the hopping-off rates, the
eigenfunctions become localized. The lack of a solution for
cases withn.0 can be proved by expanding around the
lowestulu sreald eigenvalue and discovering that a solution is
impossible.
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APPENDIX A: SIMULATIONS

In the following, we describe briefly the procedure we
used to simulate the model Eq.s1d. To make the simulation
efficient, we first normalize the rates so that the largest one is
equal to 1. Then at each step we choose with equal probabil-
ity between moving the motor to the right or left on the
lattice. Following this choice, a random number is drawn
from a uniform distribution. The motor is moved in the cho-
sen direction provided the random number is smaller than the
corresponding rate. This protocol ensures relaxation to equi-
librium in the absence of chemical or mechanics driving
forces. Time in the simulations is measured by the number of
attempted moves.

APPENDIX B: EVOLUTION OPERATOR

Here we describe the construction of the evolution opera-
tor corresponding to model Eq.s1d. First consider the case
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when the rates for leaving the track are set to zero. To do
this, we write the Master equation describing the time evo-
lution as

]tuPstdl = MuPstdl, sB1d

whereuPstdl is a vector with componentspnstd, the probabil-
ity of being at siten at time t f32g. M is the evolution
operator of the model with nonzero components given by

Mi,i+1 = wb
← Mi,i−1 = wb

→ for i even,

Mi,i+1 = wa
← Mi,i−1 = wa

→ for i odd,

Mi,i = − Mi−1,i − Mi+1,i . sB2d

The last relation ensures conservation of probability. For a
heterogeneous model, the rates corresponding to a given type
of monomerMi,i+1, Mi+1,i , Mi+2,i+1, Mi+1,i+2 with i even
are chosen at random. The diagonal terms are then automati-
cally given by Eq.sB2d. To study the eigenvalue spectrum,
periodic boundary conditions are imposed. Finally, the
hopping-off rate from sitei , hi sgiven bywoff

a or woff
b depend-

ing on whetheri is even or oddd, is added throughMi,i
→Mi,i −hi. The spectra presented in this paper were calcu-
lated usingMATLAB .

APPENDIX C: RANDOM ENERGY MODEL

In this appendix, we discuss the spectrum of the random
energy version of the model, described by Eq.s1d, which
also allows the energy at even sites to vary. The rates are
slightly modified so that they satisfy local detailed balance
with respect to these energies. An example of the relevance
of random energy models to biological system can be found
in f33g, which studies the diffusion of regulatory proteins
along DNA. Another realizationsalthough there is no
analogy of “falling off”d is translocation of ssDNA through a
pore with identical environments on thetrans and cis sides
f11g. As stated in the text, the long-time large wavelength
properties of this model are very similar to those of a model
studied in the context of vortex physicsf20g. We use model
s1d with T=1, Dm=0, T=1, and use the parameters
hp1j=ha1,a18 ,v1,v18 ,«1,«18j=h6,1,1,6,0,1.5j and hp2j
=ha2,a28 ,v2,v28 ,«2,«28j=h1.2,1,1,1.2,0.5,0.8j. Here «i ,«i8
denotes that energy at even and odd sites, respectively.

In Figs. 20 and 21, the spectra of the evolution operator of
the model are shown for weakfwoff

a =0.1 andwoff
b =0.1 swoff

a

=0.12 andwoff
b =0.12d for the parameter sethp1jshp2jdg and

strong disorderfwoff
a =0.1 andwoff

b =0.1 swoff
a =0.4 andwoff

b

=0.4d for the sethp1jshp2jdg in the detachment rates. As can
be seen from the figures, strong enough disorder in the
hopping-off rates, as before, causes eigenvalue with small
ulu to be real and therefore associated with localized
eigenfunctionsf20g.

FIG. 20. The eigenvalue spectrum for the random energy model
with rates for hopping off the track as specified in the text. Here an
example of the weak disorder regime spectrum is shown. Note that
the rightmost part of the Resld axis is displaced slightly below zero.
Shown are the 140 eigenvalues with the lowest value ofulu and the
system size isN=4500.

FIG. 21. The eigenvalue spectrum for the random energy model
with rates for hopping off the track as specified in the text. Here an
example of the strong disorder regime spectrum is shown. Note that
the rightmost part of the Resld axis is displaced slightly below zero.
Shown are the 300 eigenvalues with the lowest value ofulu and the
system size isN=4500.

DYNAMICS OF MOLECULAR MOTORS WITH FINITE… PHYSICAL REVIEW E 71, 041906s2005d

041906-13



f1g C. Bustamante, Z. Bryant, and S. B. Smith, NaturesLondond
420, 423 s2003d.

f2g K. Visscher, M. J. Schnitzer, and S. M. Block, Nature
sLondond 400, 184 s1999d.

f3g R. J. Davenport, G. J. L. Wuite, R. Landick, and C. Busta-
mante, Science287, 2497s2000d.

f4g M. D. Wang, M. J. Schnitzer, H. Yin, R. Landick, J. Gelles,
and S. M. Block, Science282, 902 s1998d.

f5g G. J. L. Wuite, S. B. Smith, M. Young, D. Keller, and C.
Bustamante, NaturesLondond 404, 103 s2000d.

f6g T. Ha, I. Rasnik, W. Cheng, H. P. Babcock, G. H. Gauss, T. M.
Lohman, and S. Chu, NaturesLondond 419, 638 s2002d.

f7g T. T. Perkins, R. V. Dalal, P. G. Mitsis, and S. M. Block,
Science301, 1914s2003d.

f8g Ribosomal translation of messenger RNA into a protein se-
quence provides a similar, albeit more complex, example of a
“motor” on a heterogeneous track.

f9g A. Yildiz, J. N. Forkey, S. A. McKinney, T. Ha, Y. E. Gold-
man, and P. R. Selvin, Science300, 2061s2003d.

f10g T. Harms amd R. Lipowsky, Phys. Rev. Lett.79, 2895s1997d.
f11g Y. Kafri, D. K. Lubensky, and D. R. Nelson, Biophys. J.86,

3373 s2004d.
f12g J. P. Bouchaud, A. Comtet, A. Georges, and P. Le Doussal,

Ann. Phys.sN.Y.d 201, 285 s1990d.
f13g S. Leibler and D. A. Huse, J. Cell Biol.121, 1357s1993d.
f14g A. Ajdari, Europhys. Lett.31, 69 s1995d.
f15g R. Lipowsky, S. Klumpp, and T. M. Nieuwenhuizen, Phys.

Rev. Lett. 87, 108101s2001d.
f16g A. Parmeggiani, T. Franosch, and E. Frey, Phys. Rev. Lett.90,

086601s2003d.
f17g A. Parmeggiani, F. Julicher, L. Peliti, and J. Prost, Europhys.

Lett. 56, 603 s2001d.
f18g A. B. Kolomeisky and M. E. Fisher, Physica A279, 1 s2000d.
f19g N. Hatano and D. R. Nelson, Phys. Rev. Lett.77, 570 s1996d.
f20g N. Hatano and D. R. Nelson, Phys. Rev. B56, 8651 s1997d;

58, 8384s1998d.
f21g M. E. Fisher and A. B. Kolomeisky, Proc. Natl. Acad. Sci.

U.S.A. 96, 6597s1999d.
f22g A. B. Kolomeisky and M. E. Fisher, Biophys. J.84, 1642

s2003d.
f23g J. Prost, J.-F. Chauwin, L. Peliti, and A. Ajdari, Phys. Rev.

Lett. 72, 2652s1994d.
f24g F. Jülicher, A. Ajdari, and J. Prost, Rev. Mod. Phys.69, 1269

s1997d.
f25g Note that the same energy landscape could be obtained by

decimating over even sites and allowingD« to vary.
f26g B. Derrida, J. Stat. Phys.31, 433 s1983d.
f27g D. R. Nelson and N. M. Shnerb, Phys. Rev. E58, 1383s1998d.
f28g K. A. Dahmen, D. R. Nelson, and N. M. Shnerb, J. Math. Biol.

41, 1 s2000d.
f29g N. M. Shnerb and D. R. Nelson, Phys. Rev. Lett.80, 5172

s1998d; K. A. Dahmen, D. R. Nelson, and N. Shnerb, inThe
Statistical Mechanics of Biocomplexity, edited by D. Reguera
et al. sSpringer, Berlin, 1999d, p. 144.

f30g L. D. Landau and E. M. Lifshitz,Quantum Mechanics, 3rd ed.
sPergamon, New York, 1977d.

f31g P. Grassberger and I. Procaccia, Phys. Rev. A26, 3686s1982d.
f32g N. G. Van Kampen,Stochastic Processes in Physics and

ChemistrysElsevier, Amsterdam, 1992d.
f33g M. Slutsky, M. Kardar, and L. A. Mirny, e-print q-bio/

0310008.
f34g M. van Oijen, P.C. Blainey, D.J. Crampton, C.C. Richardson,

T. Ellenberger, and X.S. Xie, Science301, 1235s2003d.

KAFRI, LUBENSKY, AND NELSON PHYSICAL REVIEW E71, 041906s2005d

041906-14


